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ABSTRACT

Modal Analysis has been a developing science in the experimental evaluation of the
dynamic properties of the structures. In practice, the models produced by modal
testing often have poor quality due to factors inherent in the measurement. One of the
sources of a lack of precision in modal testing is the errors caused by mechanical

devices such as accelerometers, suspension springs and stingers.

The aim of this thesis is to improve the current methods of modal testing for dealing
with mechanical errors and to develop new ones which permit the acquisition of
modal test data of high quality. To achieve this end, the work initially focuses on
reviewing existing methods. The research, then, focuses on developing methods for
assessing the quality of the measurement; and for cancelling the effects of mechanical
devices on the measured FRFs in the cases that the quality of the measurement is not

acceptable.

A new method has been developed for the correction of mass-loading effects of
accelerometers on measured FRFs. It is shown that the non-driving point FRFs can be
corrected if the measurement is repeated with an accelerometer with different mass. It
is also shown that the driving point FRF of the response point can be obtained by the
same procedure without actually having to measure it. Moreover, this method is used
for assessing the quality of the measurement due to mass-loading effects of
transducers in a conventional modal test. A similar method is developed for assessing
the quality of measurement and for the correction of the effects of suspension springs

on the measured FRFs.

The problem of the interaction between the test structure and the shaker through
stinger is discussed and the practical ways to avoid the effects of the stinger on the
measured FRFs has been investigated. Particular attention is given to the problem of
the misalignment of the stinger and its effect on the measured FRFs. Moreover, a

method for assessing the effects of the stinger on the measured FRFs is presented.



The correction method is further developed for the cases that the test structure is
affected by mechanical elements in more than one DOF. Moreover, it is shown that
nonlinearity of the structure or the attached elements affects the results of the

correction of the measured FRFs.

Although a new trend has been developed for the initial am of dealing with
mechanical errorsin modal testing, it has been shown that this new trend is applicable
in other fields of modal testing such as generation of rotational FRFs. On this basis a
method is devel oped to eliminate the need for producing the rotational excitations and

measuring them.

It is aso shown that the whole matrix of trandational FRFs can be generated from
measurements of one column using one accelerometer and one dummy mass. This
procedure can eliminate the problem of residual effects of out-of-range modes.
Finally, arecommended test strategy for acquisition of modal test data of high quality

related to the mechanical errorsis presented.
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Nomenclature
Basic Termsand Dimensions
X, Y, 2 tranglational DOFs (time domain)
6., 6,, 6, rotational DOFs (time domain)
X,Y,Z displacements (frequency domain)
X" acceleration (frequency domain)
a, f frequency of vibration (in rad/sec; Hz)
P,F forces (frequency domain)
R, R reaction forces (frequency domain)
M moment (frequency domain)
m, m, m, ... mass of an object/accelerometer
k, k., k,, ... stiffness of the spring
C,C, G, ... damping value
Jo mass density
A Cross section area
I areamoment of inertia
1, ).k, 1 points on the structure
£,&,&, values of the noise error
TR transmissiblity ratio
Kg, translational stiffness of the shaker suspension
krg, rotational stiffness of the shaker suspension
my, mass of the shaker
m, mass of the shaker coil
m, mass of the structure
W, weight of the structure
Kq stiffness of the structure suspension
Ko elastic cord (suspension spring) axial stiffness
Kot elastic cord (suspension spring) lateral stiffness

zero-load elastic cord (suspension spring) length

elastic cord (suspension spring) length under load
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E elastic modulus of the elastic cord
A, cross sectional area of the € astic cord
I length of the stinger

maximum allowable length of the stinger

d, diameter of the stinger

d.in minimum allowable diameter of the stinger

o, material endurance stress of the stinger

E, Young’s modulus of the stinger

I area moment of inertia of the stinger

G, shear modulus of the stinger

A shear area of the stinger

f i minimum desirable measurement frequency

f o maximum desirable measurement frequency

Kq stinger’s axial stiffness

m, total mass of the shaker coil, the force transducer
and the mounting hardware

m, mass of the accelerometer

my mass of the dummy mass

X acceleration (time domain)

fe effective force (time domain)

frocas measured force (time domain)

M, total extra mass attached to the structure

Ko total extra stiffness attached to the structure

b coefficient of the nonlinear term in Duffing’s equation

Do coefficient of the nonlinear term of a nonlinear spring
attached to the structure

G, cross spectrurbetween signalX andy

G, auto spectrunof signalX

H estimator

] imaginary valug+/-1 )

n number of modification DOFs
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n, number of different configurations
r number of unknowns

S spacing between accelerometers

Matrices and Vectors

matrix

column vector

determinant of a matrix

norm of a matrix/vector

transpose of a matrix; vector

identity matrix

inverse of amatrix

generalised/pseudo inverse of a matrix
complex conjugate transpose of a matrix
matrices of left and right singular vectors
rectangular matrix of singular values
singular valuei

the e ements of the inverse of a matrix

Spatial Properties
diagonal natural frequencies matrix

diagonal natural frequencies matrix of the modified system

mass matrix

stiffness matrix

damping matrix

mass modification matrix
stiffness modification matrix

the mass attached to the structure at DOF |

the stiffness attached to the structure at DOF |

displacement vector (time domain)

acceleration vector (time domain)
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{f}

(1,k)
A

I,k
Aj( )

force vector (time domain)

Modal and Frequency Response Properties
natural frequency of r™ mode (rad/sec)

natural frequency of r™ mode of the modified system
(rad/sec)

eigenvalue matrix

mass-normalised mode shape/eigenvector matrix

r™ eigenvalue

r'™ mode shape/eigenvector

i element of r™mode shape/eigenvector

the modal constant for moder and DOFsi and |
receptance matrix

dynamic stiffness matrix

dynamic stiffness matrix of the modified structure

accel erance matrix

individual receptance element for DOFsi and

(response at DOF i and excitation at DOF )

individual accelerance element for DOFsi and
accelerance of pointsi and j and in rotational DOF , herei
and j refer to the points and R refers to the rotational DOF
measured receptance when amechanical element is attached
to the structure at DOF |

measured accelerance when amechanical element is attached
to the structure at DOF |

measured accelerance when two mechanical elements are
attached to the structure at DOFs | and k

measured accelerance when an accel erometer is attached
at DOF k and a dummy massis attached at DOF |
measured receptance of amodified structure

(more than 2 DOFs)

Vil
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A measured accelerance of amodified structure
(more than 2 DOFs)
ACAY, A0 measured accel erances for different configurations
@ a0 measured accelerance for p™ configuration
a..,q, » a, the receptances of the attached mechanical elements
a; the receptance of the attached mechanical element at DOF i
P g! the receptance of the attached mechanical element
at DOFi for p" configuration
[ai'i] the matrix of the receptances of the attached mechanical
elements for different configurations
a;’ receptance of the grounded structure
A computed FRF using uncolibrated data
Ai computed FRF of anonlinear system
A noisy FRF
E (w) measured accel erance error
Abbreviations
FEM Finite Element Method
FRF(s) Freguency Response Function(s)
DOF(s) Degree(s)-of-Freedom
RDOF(s) Rotational Degree(s)-of-Freedom
FFT Fast Fourier Transform
SvD Singular Vaue Decomposition
dB decibel
SMURF Structural Modifications Using experimental frequency
Response Functions
PBC Perturbed Boundary Condition
ARMA Auto-Regressive Moving-Average (method/model)
UMPA Unified Matrix Polynomia Approach (method/model)
LDV Laser Doppler Vibrometer
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Chapter 1 Introduction
1

Chapter 1

I ntroduction

1.1 Background

The understanding of the physical nature of vibration phenomena has aways been
important for researchers and engineers in industry, even more so today as structures
are becoming lighter and more flexible due to increased demands for efficiency,
speed, safety and comfort. When any structure vibrates, it makes major problems and
operating limitations ranging from discomfort (including noise), malfunction, reduced
performance and early breakdown or structural failure. Two approaches may be
considered to resolve the vibration problem: first, prevention, through proper design,
and second, cure, by modification of structure or a vibration control design. In any
case, a thorough understanding of vibration of the structure is essential. Hence,
accurate mathematical models are required to describe the vibration characteristics of

the structure.

For simple structures, such as beams and plates, good analytical predictions using
closed form solutions can be easily found in various reference books and tables (Such
as Blevins [1]) or lumped parameter systems can be used to model the dynamic
behaviour of the structure. However, for more complex structures more powerful
tools are needed. Today, two separate tools are used to model the dynamic behaviour
of the structures, namely analytical tools and experimental ones. The most widely-
used analytical tool is the Finite Element (FE) method, while the experimental
counterparts are largely based on modal testing and analysis. Due to different built-in
limitations, assumptions and choices, each approach has its own advantages and

disadvantages.
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1.2 Finite Element Method (FEM)

The main assumption in Finite Element Method (FEM) is that a continuous structure
can be discretised by describing it as an assembly of finite (discrete) elements, each
with a number of boundary points which are commonly referred to as nodes. For
structural dynamic analysis, element mass, stiffness and damping matrices are
generated first and then assembled in to global system matrices. Dynamic analysis of
the produced model gives the moda properties, the natural frequencies and
corresponding eigenvectors. The modal solution can subsequently be used to calculate

forced vibration response levels for the structure under study.

Element system matrices have been developed for many simple structures, such as
beams, plates, shells and bricks. Most general-purpose FE programs have a wide
range of choice of element types, and the user must select the appropriate elements for
the structure under investigation and its particular application. Further theoretical
background and practical implementation of the FE method are given in various text

books, such as those by Cook [2], Bathe [3] and Zienkiewicz [4].

The FE method is extensively used in industry as it can produce a good representation
of a true structure. However, for complicated structures, due to limitations in the
method, an FE model can lead to errors. The sources of errors in Finite Element

models are:

=

inaccuracy in estimation of the physical properties of the structure;

N

poor quality of mesh generation and selection of individual shape functions;
3. poor approximation of boundary conditions;

4. omission or poor modelling of damping properties of the system;

5. computational errors which are mainly due to rounding off.

The result of a Finite Element analysis is mainly dependent on the judgement and

experience of the operator and the package used.
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1.3 Modal testing method

The experimenta approach to modelling the dynamic behaviour of structures (modal
testing) relies mostly on extracting the vibration characteristics of a structure from

measurements. The procedure consists of three steps :
1. taking the measurements.
2. analysing the measured data .

3. constructing the model by combining the results of analysing the data.

Vibration measurements are taken directly from a physical structure, without any
assumptions about the structure, and that is the reason that modal testing models are
considered to be more reliable than Finite Element models. However, due to
limitations and errors in the measurement process, the model created from the
measured data may not represent the real behaviour of the structure as actually as
desired.

In general, limitations and errors of these three stages of modal testing are :

* random errors due to noise.

» systematic errors due to attachment of the structure to the mechanical devices like
springs, transducers and stingers.

* non-linear behaviour of the structure or attached mechanical devices
e systematic errors due to signal processing of the measured data.

e poor modal analysis of experimental data.

* limited number of measured degrees of freedom.

» not all modes being excited due to excitation at a node.

» difficulty in measuring rotational degrees of freedom.

The theoretica background of modal testing and practical aspects of vibration

measurement techniques are discussed by Ewins[5].
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1.4 Applications of modal test models

It is generally believed that more confidence can be placed in experimental data as
measurements are taken on the true structure. Therefore, the mathematical models
which have been created as a result of modal testing can be used in various ways to
avoid or to cure the problems encountered in structural dynamics. In this section we
shall consider the applications of modal testing methods for improving the structural

dynamics.

1.4.1 Updating of the analytical models

One of the applications of the result of a modal test is the updating of an analytical
model (usually a model derived using finite element method). Model updating can be
defined as adjustment of an existing analytical model which represents the structure
under study, using experimental data, so that it more accurately reflects the dynamic
behaviour of that structure. Model updating can be divided into three steps :

1. comparison and correlation of two sets of data;
2. locating the errors;
3. correcting the errors.

Correlation can be defined as the initial step to assess the quality of the anaytical
model. If the difference between analytical and experimental data is within some pre-
set tolerances, the analytical model can be judged to be accurate and no updating is

necessary.

Most difficulties are encountered in the second step. The difficulties in locating the
errors in a theoretical model are mostly due to measurement process and can be

summarised as:

1. insufficient experimental modes;
2. insufficient experimental coordinates;
3. size and mesh incompatibility of the experimental and FE models;

4. experimental random and systematic errors.

4
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5. absence of damping in the FE model

In spite of extensive research over the last two decades, model updating is still far
from mature and no reliable and general applicable procedures have been formulated

so far.

1.4.2 Sructural dynamic modification

Structural Dynamic Modification can be defined as the study of changes (in natural
frequencies and mode shapes) of measured dynamic properties of the test structure
due to specified mass or stiffness (or damping) modifications introduced to the
structure. In principle, the modification process is a form of optimisation of the
structure to bring the dynamic properties of the structures to some desired condition.
This method saves large amounts of redesign time as it reduces the cycle time in the

test, analysis, redesign, shop drawings, install redesign, and retest cycle.

In practice, if a mass is added at a point on a structure, it is inevitable that this will
change the elements in the mass matrix which relate to the x, y and z displacement in

the trandlational directions and 6, , 6, and 6, in rotational directions at the point of

interest. This means that it is practically impossible to consider changing elements
individually, and also it is necessary to include rotational coordinates in the modal
model. Similar comments apply when a stiffener, such as a beam or truss, will
influence the structure in severa directions simultaneously, including rotational ones.
However, trandational accelerometers result in mode shape vectors that are deficient
in rotational degrees of freedom. This means that any modification methodology
applied to the experimental modal space model is deficient in rotational degrees of
freedom. So the method has problems dealing with real-world modifications such as

addition of plates, beams, rotors, or other structural elements with bending resistance.

Moreover, there is a need for sufficient modal vector information to carry out real-
world structural modification. This demands that more data be taken, but the number
of data points is limited by the time available from the highly-trained modal staff.
Generally, most modal tests are limited to 200-400 x-y-z degrees of freedom. Thisis
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usually too few for the structural modification to be implemented without excessive
retesting.

Sometimes it is desired to construct a mathematical model of a complete structural
assembly formed by the assembly of severa individua substructures. There are a
number of methods for assembling such a model which are extensions of
modification methods and called structural assembly methods. The essential
difference is that here the modifications are themselves dynamic systems, rather than
simple mass or stiffness elements. It is possible to combine subsystem or component
models derived from different sources or analyses for example from a mixture of
analytical and experimental studies. Again the same problems encountered with

modification methods also arise here.

There are other quantitative applications of the modal test models which demand a
high degree of both accuracy and completeness of the test data (enough points and
enough DOFs on the test structure). These applications are:

» response predictions for the test structure if it is subjected to other excitations,
» force determination, from measured responses,

» damage detection.

1.5 Sourcesof alack of precision in modal testing

Laboratory experiments and practical measurements serve several purposes, some of
which do not demand high accuracy. Some experiments are exploratory in the sense
of looking for the existence and direction of some effect before trying to establish its
magnitude; others are chiefly instructional, to demonstrate theoretical principles.
Some industrial measurements are needed only to control and repeat a process in
accordance with previously established values. Errors in such cases may be harmless.
However, engineering applications of some experiments demand test data of high
quality. In these cases, large errors may arise if test data with poor quality are used. In

recent years there has been a strong demand for modal testing with high quality
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suitable for advanced applications such as structura modification and model

updating.

In the last section, we have explained in general terms how the mathematical models
which have been created as a result of modal tests can be used in various ways to
apply in vibration-related problems encountered in theory and practice and how these
applications are hindered from a lack of precision in modal testing. In this section the
problem of the sources of the lack of precision in modal testing will be studied more
systematically. In the following paragraphs attention is drawn to the reasons why the

experimental modal test data can depart from the true values it purports to measure.

The sources of alack of precision in modal testing procedure can be categorised in
three groups : (i) experimental data acquisition errors (ii) signal processing errors and
(iii) modal analysis errors (Figure 1-1), each of them has been categorised itself in
below :

Experimental Data
Acquisition

Signal Processing Modal analysis

Experimental Modal Analysis

Figure 1-1. Three stages of the modal testing

(1) Experimental data acquisition errors:

a) Quality :

1) Mechanical errors:
» Massloading effect of transducers
»  Shaker-structure interaction

»  Supporting of the structure
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2) Measurement noise
3) Nonlinearity
b) Quantity :
» Measuring enough points on the structure
* Measuring enough Degrees of Freedom (i.e.Rotational DOFs)

(i) signal processing errors :

* Leakage
» Aliasing
o FEffect of window functions

o FEffect of Discrete Fourier Transform

Effect of averaging

(iii) modal analysis errors :

» Circle-Fit Modal Analysis
e Line-Fit Modal Analysis

* Globa Modal Analysis

The main concern of this research is the first category of the sources of a lack of
precision, namely experimental data acquisition errors and especially mechanical
errors which demand particular attention in order to provide input data of high-quality

which are required for the next stages.

1.6 Natureof theerrors

In general, the nature of the experimental errors are different. In most cases, we have
a situation under control with repeatable results. When we cannot repeat a result we
must suspect that part of the system is not under control and some type of errors
contaminate test results. Sometimes natural variation between individuals and

fluctuating natural conditions demand a statistical approach. These types of the error
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are called random errors and can be treated statistically. In these cases, repeatability is
a strong weapon to revea the errors. However, statistica methods can not revea
systematic errors. In one sense systematic error is a true observation not of the basic
phenomenon but of the system phenomenon plus instrumentation. References to
systematic errors are relatively brief and although they are very important, they cannot
be easily treated

The nature of the errors introduced in the first category (experimental data acquisition
errors) is completely different. The nature of the measurement noise is random. On
the other hand, mechanical errors typically are systematic and cannot be treated
statistically. Nonlinearty arises from the assumption of linear behaviour of the
structures while most engineering structures exhibit some degree of deviation from
linear behaviour. On the other hand, the difficulty in measuring enough points and
enough degrees of freedom, or incompleteness of test data, lies in the problem of

instrumentation and know-how of criteriawhich decide what to measure

1.7 Current approach to deal with mechanical errors in modal

testing

The current approach used to resolve the problems which the mechanical errors cause
is basically ‘avoidance” through proper design of the test equipment. 8yof‘dance”
we mean choosing a strategy in the preparation of the test structure in which the

probable errors become minimum. Some of these methods are given in below:

In the free-free condition the test structure is freely-supported in space and is not
attached at any of its coordinates. In practice it is not possible to provide a truly free-
free support but it is feasible to approximate to this condition by supporting the test

structure on very soft springs such as light elastic cords.

In the grounded condition the selected points of the structure are fixed . However, it is
very difficult to implement the grounded condition in the practical case. It is not
possible to provide a base or foundation which is sufficiently rigid to provide truly

grounded condition. Moreover, the coordinates involved for grounding will often
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include rotations and these are still difficult to measure. As aresult, test structures are

better to be tested in free-free condition.

In shaker testing, it is necessary to connect the driving platform of the shaker to the
structure. Thereis astipulation that the axial force should be the only excitation of the
structure. However, the excited structure responds not only in the axial direction but
also in the other directions including rotational directions. To prevent the excitation of
structure in other directions, the shaker attached to the structure through a slim rod
which is called a stinger or a pushrod. A stinger is stiff in the axial direction and

flexible in the other directions.

The input force excitation is partly spent on accelerating of the force transducer mass
and al so the accelerometer mass. This causes mass-loading effects of transducers. The
current approach to resolve this problem is to use small accelerometers or force

transducers and to employ mass-cancellation correction.

These examples of the current strategies in dealing with the mechanical errors in
modal testing show that there is no general method to correct the effects of these
errors on measured FRFs but it is preferred to minimise them by proper design of the

test set up.

1.8 What isstill not available

Although alot of difficulties encountered during applications of modal testing have
been reported from theeXperimental data acquisition&tage, a logical strategy to
deal with this problem is still unavailable. Development of a smoothing technique to
reduce the effect of the mechanical errors on the measured FRFs and a method which

is able to indicate the accuracy of the measured FRF are both required.

What is still not available and is needed for improvement of modal testing procedure

can be summarised as :

1. an extensve method for correction of mass-loading effects of transducers,

especialy for transfer FRFs;

10
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2. dealing with the effects of stingers on the test structure;

3. investigation and correction of the effects of supporting the test structure;
4. obtaining rotational degrees of freedom;

5. dealing with nonlinear behaviour of the structures in routine tests;

6. dealing with noisein the test procedure;

7. assessment of the quality of the measured FRFs.

Here are severa areas of concern, al of which combine to make conventional modal
testing methods of limited quality.

1.9 New approach to deal with mechanical errorsin modal testing

In section 1.7 it was explained that the current approach to deal with mechanical

errors in modal testing isaVoidance” by using proper equipment such as soft
suspensions, flexible stingers and small accelerometers to minimise the errors.
However, the effect of these errors on measured FRFs cannot be removed completely
due to the fact that the structure cannot be tested without interaction with other
structures such as accelerometers, springs and stingers. Moreover, there is no
reference to data on the effects of mechanical devices on measured FRFs and means
to assess the quality of measurement. This situation arises from the contradiction
which is encountered when trying to find the optimum equipment and procedure for
measurement. This contradiction is “the information about the dynamic behaviour of
the test structure is required to choose the optimum equipment for the test while the
purpose of modal testing itself is to find this information”. Consequently, the
approximate methods for selection of appropriate stingers, accelerometers and

suspensions are not very effective in practice.

Another approach to dealing with the problem of experimental data acquisition errors
is computing the exact values of the FRFs by systematically changing the physical
source of the errors. We explain this approach by a simple example : suppose that the
mass of structureX needs to be measured (Figure 1-2) and the process of

measurement is in such a way that cylindean not be detached from structte

11



Chapter 1 Introduction

12

Figure 1-2. Cancellation of the effect of an extra mass on the weight measurement

The total mass can be computed as :

m =m +m (1-1)
or:

m=my + IOAl (1'2)

where m is the total mass, m, is the mass of structure X , m. is the mass of the
cylinder, o is the mass density of the cylinder, A is the cross section area of the

cylinder and | isthe length of the cylinder.

The total mass can be measured with two different cylinders with different lengths

(l,and 1,). For two different lengths of cylinder C we have:

om, =m, + pAl

%HZ = mX + IOAIZ (1-3)

where m, and m, are total masses corresponding to |, and |, respectively. From

which my can be computed :

m, —m, (1'4)

Me=my=—— " -h

2 1
By using this approach without physically moving the cylinder C, the exact mass of
structure X could be obtained. Moreover, the mass of the cylinder can be found from

equation ( 1-1).

This simple example can be used to deal with mechanical errors in modal testing.
This is the main idea to deal with mechanical errors in this thesis which will be

developed in the following next chapters.

12
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1.10 Scope and structure of thesis
Thiswork is an attempt :

» to carry out a literature survey of previous work, on the subject of the quality of
measurement related to experimental data acquisition errors (see section 5.1), in
order to review critically the existing methods of modal testing to deal with these

kind of errors;

» to improve the current methods of modal testing for dealing with mechanical
errors and to develop new ones which permit the acquisition of modal test data of

high quality ;

» to devise methods to assess the quality of the measured data related to mechanical

errorsin amodal test; and
» to propose atest strategy based on the experience gained in the previous stages.

Although a new trend was developed using the idea suggested above in section 1-9 to
deal with mechanical errors in modal testing, further investigation showed that this
new trend is applicable in other fields of modal testing such as the generation of
rotational FRFs. Chapter 2 of this thesis contains an extensive literature review of
previous work in a consistent format and notation. Chapter 3 presents a method for
the assessment of the quality and the correction of the mass-loading effects of
transducers. Chapter 4 investigates the application of the correction method for
suspension effects. Chapter 5 focuses on the practical ways to avoid the effects of
stingers on the measured FRFs. In chapter 6 a genera solution for the correction of
the effects of the mechanical devices on the measured FRFs is suggested. Chapter 7
considers the effect of the nonlinearity on the correction methods of the mechanical
devices. In chapter 8 a method is developed to generate the whole matrix of
trandational FRFs using one accelerometer and one dummy mass. The application of
the results of chapters 6 and 7 is in chapter 9 where a method is presented for the

generation of the rotational FRFs by modifying the test structure. Finally, a

13
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recommended test strategy is proposed and the main conclusions of this research are

presented in chapter 10. Figure 1-3 shows the road map of the thesis.

Chapter 1
Introduction

Chapter 4
Correction of the
suspension effect

Chapter 5
The effects of the stingers
on the measured FRFs

Chapter 3
Correction of the
mass—loading effect

Chapter 2
Literature survey

Chapter 8
Generation of the whole matrix of translational
FRFs from measurements of one column

Chapter 7
The effect of nonlinearity on
the correction methods

Chapter 6
Correction in more
than one DOF

Chapter 9
Generation of the rotational
FRF's

Chapter 10
Conclusions

Figure 1-3. Road map of the thesis
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Chapter 2

Literature Survey

2.1 Introduction

Modal testing has become an increasingly indispensable tool in the design and
development of cost-competitive, safe and reliable engineering structures and
components. In recent years, a major effort has been made to correlate and combine
modal testing with analytical methods in the area of structural dynamics modelling.
Since modal testing deals with the real structure directly, the models produced by modal
testing are invariably used to identify analytical modelling problems and consequently to
update analytical models.

In practice, the models produced by modal testing often have poor quality due to factors
inherent in the measurement and identification processes. This lack of precision detracts
from the confidence and reliability of the experimental results. However, the expanding
interest in, and importance of, modal testing means that it is now opportune to take a

strategic initiative to improve the quality of experimental methods.

Given the extensive list of publicationsin the area of the quality of measurements related
to experimental data acquisition errors (see section 1.5) in modal testing, the aim of this
chapter isto review critically the existing methods and to present the latest developments

in aconsistent and unified notation.

2.2 Quality of measurement

The SAMM survey, which was initiated some years ago to test for consistency in modal
testing practice, revealed an unacceptably wide range of results measured on a single
structure, [6]. The results from that exercise were very illuminating from a quality
assurance point of view, as was the outcome of the more recent DYNAS survey for

consistency in application of the FEM to dynamic anaysis, [7]. The results from such

15



Chapter 2 Literature Survey 16

surveys imply that it is imperative that a quality assurance initiative be undertaken to

improve the general competence of practitioners.

In 1990 Harwood [8] presented the aims and philosophy of the DTA (Dynamic Testing
Agency) and the importance of the use of reliable experimental data in structura
dynamics. The fundamental aim of the DTA is to establish an organisation which would

maintain independent quality assurance standards in the field of modal testing.

Usually, in modal testing, errors are introduced by contaminating the FRFs with random
noise but, in practice, the characteristics of measurement errors are not random. Jung and

Ewins [9] categorised the systematic errorsinvolved in modal testing as:

1. measurement errors
1.1 nonlinearity of structure
1.2 mass loading effect of transducers
1.3 useful frequency range of transducer
1.4 transverse sensitivity
1.5 mounting effect
1.6 shaker/structure interaction
2. signal processing errors
2.1 leakage
2.2 effect of window functions
2.3 effect of averaging
3. modal anaysiserrors
3.1 circlefit modal analysis

3.2 linefit modal analysis

Marudachalam and Wicks [10] studied sources of systematic errors in modal testing
from a qualitative perspective. A simple system, a free-free beam, was chosen as the

structure to be measured. Using the FE model as a reference, attempts were made to
16
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study the systematic errors which arise in deriving an experimental modal model. The
effect of accelerometer mass, shaker-structure interaction, the parameter extraction
process resolution, influence of rigid body modes and the effects of higher modes were
investigated. It was shown that the modal testing techniques are very sensitive to even
small changes in the system, such as accel erometer mass and shaker-structure interaction
that are usually assumed to have a negligible influence on a structure’s dynamic

behaviour.

Mitchell and Randolph [11] discussed the current thinking and trends in the
improvement of experimental methods to be used in updating of numerical models of
structural systems and in the building of experimentally-based models for use in
experimental structural modification efforts. In their opinion, modal test methods are

affected by :

1. Quality of the FRFs
2. Quantity of the FRFs

3. Unobtainable modal parameters

‘Quality of the FRFs’ refers to the effects of the measurement errors on the measured
FRFs. The methods based on experimental models, need quality in the FRF
measurement; otherwise, the output of the computations based on these methods will not

be reliable. Noise is the main problem which affects the quality of the FRFs.

‘Quantity of the FRFs’ refers to the measurement of enough points on the structure and
enough DOFs at the point of measurement. Most modal tests are limited to 209-250
DOFs. This is usually too few for a structural modification to be implemented without
excessive retesting. Therefore, building modal models from experimental data has been
hampered by a lack of test data points [12], [13], [14]. More important than the number
of points is the measurement of the rotational DOFs and producing rotational FRFs.
Unfortunately, there are neither reliable rotational transducers available nor practical

means of applying and measuring moment excitations.

17
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The ‘unobtainable modal parameters’ refers to structures with high modal density (too
many modes in a specific range of frequency) and/or high damping. In some cases, the
FRFs are relatively flat because the damping brings the resonance amplitudes down and
the anti-resonance amplitudes up. For years the modal analysis community has attempted
to develop methods that would allow experimentally-based mathematical modelling of

structures with high modal density and high damping but without much success.

On a more philosophical note, the expectations from a high quality modal test have not
been formulated so far. The maximum allowable changes in the measured FRFs due to
the effects of the measurement errors and their relation to measurement accuracy need to

be defined further.

2.3 The mechanical deviceserrors

2.3.1 Shaker-structureinteraction

When using a shaker to conduct a modal test, the dynamic characteristics of the shaker
become combined with those of the test structure. In general, when a structure under test
undergoes high levels of rotational response at the point where the shaker is attached, the
shaker becomes an active portion of the test structure and forces (or moments) other than
the intended axial force component may also be included and act on the structure. These
unwanted forces (or moments) have multiple input effects and may bias test results,
[15]. It is common practice to install a long slender element between the test structure
and the shaker to minimise such undesired excitation components. This is called a
stinger, pushrod or drive rod. A stinger must be axially stiff, buckling resistant, and very
flexible in other DOFs than the axial direction. The low flexural stiffness is used to

isolate the structure from the rotary inertia of the shaker system.

The selection of stingers are generally made by trial-and-error, by chance or by
experience. Ewins [5] recommended by experience that the size of the slender portion of

a stinger is 5~10 mm in length and 1 mm in diameter.

18
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Mitchell and Elliot [16], [17] developed a systematic but approximate method for the
selection of the stinger dimensions. Figure 2-1 shows the model that they used for the

selection of stingers.

Struct
Shaker Suspension SJ;;O(;#;@%n

/ sh Es;IS5CSJASylS

msh ZE N

Shaker

Structure

. b) Model
a) Shaker—stinger—structure system

Figure 2-1. The model used by Mitchell and Elliot

They defined the transmissibility ratio as the ratio of the moment imposed to the
structure when a stinger is used to the moment imposed on the structure when the shaker
isrigidly connected to the structure. The resulting equation is:

1 (2-1)

RETha-p)

where S isthe frequency ratio and is defined as :

sl (e 22
B =,
2 ksh
W =—"
my,

)y isthe stiffnessratio and is defined as:
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K
Y=o
B
. (2:3)
Ke =5 1
e, “o.a)

Then, the values for £ and ) are chosen in such a way that the transmissibility ratio,

defined in equation (2-1), be minimised.

Two guidelines for the selection of the stinger and the shaker support stiffness were
suggested in [16]. It was shown that for heavy structures, for 5 percent or less of the

maximum transmissibility, the conditions are :
<05 and ) =225
where £ is calculated using the highest measurable frequency in the modal test.

For light structures and for a maximum transmissibility of 5 percent, the conditions are :

2225 and ) =25

where [ is caculated using the lowest measurable frequency in the modal test.

Although it was a promising analysis, many parameters are not considered in this model

of the stinger.

Hieber [18] made a more detailed study of the design of stingers and gave interesting
recommendations. He considered the rotary inertia of the shaker and the rotationa
stiffness of the shaker suspension in his model (Figure 2-2) and showed that the shaker-
stinger system causes three notches and peaks in the measured FRFs of the test

specimen. He recommended the following steps to design the appropriate stinger:

» find the minimum allowable diameter of the stinger based on the maximum shaker

force and the appropriate material endurance limit;
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» find the maximum allowable length of the stinger to prevent buckling based on the

minimum diameter and the maximum force;

» find the |ateral stiffness and bending stiffness of the stinger

» consider the sensitivity of the force transducer to lateral forces and moments by

choosing the maximum possible length of the stinger;

» find the coupled frequency of the shaker-stinger assembly, using the characteristics

of the shaker and the bending stiffness of the stinger. On this basis find the minimum

measurabl e frequency;

« find the first bending resonance and the axia resonance of the stinger-

armature/actuator system. The maximum measurable frequency should be below

these resonance frequencies.

The essential step in this design procedure is choosing the appropriate length of the
stinger. The designer should make a compromise between the minimum and maximum

measurabl e frequencies and the length of the stinger.

Structure suspension sz

. .
Shaker suspension Stinger Rotational stiffness
-— of the saker suspension
st (S]] 3\— ©

.+ Shaker
/ l Translational stiffness
Shaker 2/ of the shaker suspension

J,

a) Shaker—stinger—structure system b) Hiber model

N
N
N
N

Figure 2-2. The model used by Hiber

Mitchell and Elliot [16], [17] and Hieber [18] did not account for the dynamic
characteristics of the structure and assumed that the structure-side condition of the
stinger is simply pinned or clamped (Figures 2-1 and 2-2). Jyh-Chiang Lee and Y uan-

Fang Chou [19], [20] used a substructure synthesis algorithm to predict the effects of
21
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stingers on the FRF measurements, treating both the excitation system and the test

structure as substructures.

They showed that a properly-designed stinger can have a small effect on measured FRFs.
Based on this analysis, they suggested to compute the error using the FEM results of the
structure and the excitation system. Although this analysis gives a complete formulation
of the problem but their suggestion to rely on FEM results is not practical for

engineering cases.

Recently, McConnell and Zander [21] used a different point of view to attack the
problem of the effect of the stinger bending stiffness on the measured FRFs. The
principles of substructuring were used to determine the measured FRFs with respect to
exact driving point and transfer FRFs. The governing equation is:

A12 Azl (2'4)

@ - A —
AP = A=t

in which 1 refers to a DOF on the structure and 2 refers to the rotational DOF of the

attachment of the stinger. A.is the stinger rotational accelerance. What we want to
measureis A, but what we get is a combination of A, and other FRFs. Thus, equation

(2-4) shows how the measured driving point accelerance is influenced by the connecting

point accelerances, A;, A,, A, A,, and the stinger angular accelerance, A,. They

defined corresponding measured accelerance error, E (&) ,as:

— x | A, (w) - A(Z)u(a))| (2-5)
SO @

A detailed study was made to investigate the influence of the rotational stiffness of the

stinger on two elementary structures, one a cantilever beam and the other a simply-

supported beam. It was found that the fundamental natural frequency measurement had

the largest errors. A surprising result was obtained when the stinger’s driving point
accelerance had a sharp notch between stinger resonances for the longest and most

compliant stingers. For this case, a single peak became two peaks in the measured FRF
22



Chapter 2 Literature Survey 23

where only one should exist. Hence a flexible stinger may be the cause of considerable
misinformation. However, they did not present a procedure to design stingers based on

thisanalysis.

Anderson [22] considered techniques for avoiding the effects of shaker-stinger
interaction in modal tests on small structures. He concluded that mounting a force
transducer or impedance head on the shaker armature instead of on the structure can
overcome problems to do with physically loading the structure. Based on his experience,
he suggested to apply soft polyurethane foam to the rod to damp simply the resonant
behaviour of the stinger.

Brillhart, Hunt and Pierre [23] discussed the material of the stinger. Historically, metal
stingers have been used to transfer an input force from shaker to the load cell in order to
excite a structure during a modal test. However, plastic stingers can provide a consistent
axial force to the structure and minimise side loads. The deflection of a cantilevered
beam due to a concentrated transverse load, P, at itsfreeend is:

Pl® (2-6)
3E,|

S'S

0=

inwhich ¢ isthe deflection of the tip of the cantilever beam. Typical modulus values for
steel are in the order of 100 times greater than those for plastic. Therefore, with a
constant diameter, in order to allow the same deflection of the test structure to occur, the
length of a steel stinger would have to be on the order of 5 times greater than a plastic
one. So, plastic stingers can provide adequate transmission of the axial force to the test
structure without buckling, while their weaker bending stiffness reduces the moment
being applied to the force transducer. This provides a more accurate measurement of the

force being applied.

Han [24] investigated the influence of the shaker on natural frequencies when extracting
the FRFs of the test structure. He showed that the amount of distortion of natural
frequencies due to the attachment of the shaker depended not only on the generalised
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mass and shape of the particular mode of the test structure under excitation, but also on

the mass and stiffness of the coil of the shaker and the bending stiffness of the stinger.

In 1997 Vandepitte and Olbrechts [25] discussed the dynamic loading effects that
different excitation methods have on the dynamic behaviour of the test structures.
Comparison of modal tests with different types of excitation systems was made. Three
tests were performed with hammer excitation, shaker-with-stinger excitation and inertial
shaker excitation. All tests gave different results, proving that loading effects can be
important. It was also shown that inertial shakers not only add mass to the structure, but

can also increase the stiffness of the complete system.

Several research workers [26], [27], [22] mentioned stinger axial resonance but defined
the axial resonance frequency and its effects in different ways. Ewins [5] mentioned that
it is always necessary to check for the existence of an internal resonance of the stinger
either axially or in flexure because this can introduce spurious effects on the measured
mobility properties. Furthermore, in the case of an axial resonance, very little excitation
force will be delivered to the test structure at frequencies above the first mode. Hieber
[18] suggested that the stinger axial resonant frequency is:

wr = ksx/rncl (2-7)
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K, = AT_E (2-8)

K, is the stinger’s axial stiffness amq}, is the mass of the shaker coil. He also declared

that if this axial resonance is too low, there may be difficulty transferring enough force to
the specimen at higher frequencies. Anderson [22] gave the same expression for the
fundamental longitudinal resonance frequency as Hieber [18] but suggested that in the

case that the force transducer is mounted in the stinger’s shakengidie total mass

of the force transducer’s seismic mass, mounting hardware mass at the stinger’'s shaker

end and the mass of the shaker coil, should be used instegadinfequation (2-7).

In the resonant frequency calculation, both references [18] and [22] assumed that the
structure’s accelerance is zero. Unfortunately, this is true only when the structure is near
an antiresonance. Generally, the structure’s accelerance cannot be neglected compared to

that of the stinger's shaker end. So equation (2-7) may cause misinformation.

Hu and McConnell [26], [27] studied extensively the axial resonance effects of the
stinger on test results. They treated the stinger as a distributed-mass elastic system
represented as a longitudinal bar. Stinger motion and force transmissibility, axial
resonance, and excitation energy transfer problems were discussed. The results showed
that the peaks of the force and motion transmissibility are closely related to the
resonances and antiresonances of the test structure and the stinger-structure systems.
Moreover, the stinger mass compensation problem when the force transducer is mounted
on the stinger's exciter end were investigated theoretically, numerically and
experimentally. It was found that the measured FRF can be underestimated if the mass
compensation is based on the stinger exciter-end acceleration and can be overestimated
if the mass compensation is based on the structure-end acceleration because of the
stinger’'s accelerance. The mass compensation that is based on two accelarations was

seen to improve the accuracy considerably.

Another problem in the axial direction is the drop of the input force at natural

frequencies due to the axial interaction between the excitation system and the structure.
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This drop in force causes noise and low coherence at natural frequencies. This problem
has been studied in [28], [29], [30] and [31]. It was shown that proper choice of the
shaker characteristics and an amplifier using current feedback instead of voltage

feedback can reduce the force drop-off problem.

While interesting guidelines have been given to the design of stingers so far, there are
some parameters such as misalignment of the stinger which should be considered in the
behaviour of stingers. Moreover, atechnique is needed to assess the performance of the

stinger in practice.

2.3.2 Mass-loading effects of transducers

The measurement of the dynamic force and response of a structure, in terms of FRFs,
often involves the use of accelerometers and force transducers, thus introducing changes
to the structure due to the addition of extraneous masses. Figure 2-3 shows a beam

which is excited by a shaker. The shaded zone represents the total extramass, m,, . Only

about half of the force transducer mass contributes to the force signal, because the

terminal is nearly at the half height of the transducer.

Accelerometer

\ Structure
I / {

\

Tellér\flé?al Force Transducer
\
Stinger

Figure 2-3. Mass-loading effect of transducers

Asthe objective isto obtain the effective force, f,, goinginto the beam, the inertiaforce
corresponding to the total extra mass, m,,, should be subtracted from the measured
force f, ... 1.€:

26



Chapter 2 Literature Survey 27

fe = fmeas - n]axtxl (2'9)

From equation (2-9), the desired accelerance FRF can be obtained in the frequency

domain from:

AY; (2-10)

This process is known as mass cancellation [5]. In general, some of the resonances will
always be somewhat affected by the masses of the transducers, so a mass cancellation
procedure is usually desirable, especialy if the accelerometer position is to be changed
around the structure, as which is often the case. As shown above, the mass cancellation
procedure is quite straightforward for driving point FRFs. However, for transfer FRFs

the problem is much more difficult.

The effect of mass-loading was studied via the moda formulation of structural
dynamics, and in particular, by the modification theory formulated in modal space, as
explained by Synder [32] and further discussed by Avitabile & O’Callahan [33]. Based
on this study, Dossing [34] introduced the driving point residue method to predict shifts
of natural frequencies due to mass-loading effects. The equation of motion in modal

space for the mass modified structure is :

[ IamT A+ 1] + [ Jod =0 (211

The eigensolution to equation (2-11) is :

S+ am ]2 2] +[e2 ]

-0 (2-12)

Dossing simplified the problem further by solving for one mode at a time, assuming the
influence from other modes to be negligible. This assumption seems numerically

reasonable because the mode shape components are generally smaller tha 1 iand
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small too. Therefore the off-diagonal elements in the characteristic matrix are very small

compared to the w’. elements. The equation then reducesto :

~[1+{d ami{ g, |2 + @2 =0 (213

and if mass is added to only one DOF (point/coordinate) at a time, the problem reduces

to the scalar equation :

~[1+gomg |2 + a2 =0 (2-14)

Thus the relation between the natural frequency of the modified structure and the exact
natural frequency of the structure in terms of the added mass and the mode shape

component is:
1
“ a (2-19)
2 = 2-15
Do = 4 AM,

]/(a,f represents the mass in this model which can be defined as “Apparent Dynamic
Mass” in DOFi associated with mode Using this method, it can be determined how
much the natural frequencies will change due to a mass-loading in a point. Or it can be
determined what the natural frequencies were before the accelerometer was attached to

the structure and modified its dynamics.

Decker and Witfeld [35] used the FRF substructuring technique, Structodifid4tion
Using experimental frequencyeRponse &nction (SMURF) to correct mass-loading
effects of transducers. The method of SMURF avoids the difficult and time-consuming
development of a modal model. For a structure modified by maskhe accelerance

FRF can be computed as :
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AL (@) A" (@) (2-16)

LA (@)

A(w) = A () -

in which m is negative. This equation has to be applied to every frequency value. In
equation (2-16) if A" is known the correct FRF can be computed. However,
measuring the driving-point FRFs at all measurement points is a very time-consuming
process and sometimes impossible. The authors suggested two techniques to
approximate A, . In spite of some pitfalls the methods improve the measured FRFs.
However, noise was the main problem in the computations. To eliminate the effect of
noise in the computation, a weighted FRF method was introduced. The method is
successful in elimination of the effect of noise but causes discontinuity in the corrected
FRFs.

Silva, Maiaand Ribeiro, [36] used coupling/uncoupling techniques to correct the mass-
loading effects of transducers for transfer FRFs which seems the most effective method
suggested so far. They showed that by coupling the structure with a lumped mass and by
mean of a series of relatively straightforward calculations the measured FRFs can be

corrected. The structure shown in Figure 2-4 is coupled with the mass m, at point 1.

Using FRF coupling of substructures, the equation governing the new systemiis:

Y APOD N, A0 O ALQ 4 (2-17)
= 0,,  OA; +Ym)
20 A0 Ho oF Hympg’ Ym A Al
from which we have :
Ai(i) - Ail (2'18)
1+mA,
and
O - AiZ (2'19)
° 1+mA,
and

29



Chapter 2 Literature Survey 30

mA> (2-20)

o — _
* T T Tema,

Using equations (2-18), (2-19) and (2-20), three FRFs A,, A, and A, can be

obtained. Only three measurements are needed :

1 - Attach the accelerometer at point 1 and measure driving point FRF, AD ;
2- Add another accelerometer at point 2 and measure transfer FRF, A%? ;

3- At the same condition measure again driving point FRF, AG? .

my
Figure 2-4. Modification of a structure by a mass

The interesting point is that it is possible to obtain the driving point FRF at point 2, A, ,
without having to measure it. However, measurement problems of this method such as
the effect of noise on the computations were not studied by the authors. The same
technique was used by the authors for the evaluation of the complete FRF matrix, based
on measurements taken along a single column of the FRF matrix using different
accelerometers and dummy masses [37]. The technigue inherently cancels the effects of
the extra masses of the transducers. This result is especially important to deal with
residual terms: It should be noted that there has not been found (so far) away of relating

the residua terms of the measured curves to the residual terms of the unmeasured ones.

There is still no general applicable procedure to deal with the mass-loading effects of
transducers at non-driving points. Moreover, a method is needed to assess the quality of

the measurement due to the mass-loading effects of transducers.
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2.3.3 Suspension effectson test structures

In modal testing, test structures are often suspended using soft springs to approximate a
free-free state of the structure. Free-free modal tests are popular because it is felt that the
effect of soft springs on the test structure is negligible. In free-free state of the structure,
the six rigid body modes no longer have zero natural frequencies, but they have values
which are significantly lower than that of the first elastic mode of the structure.
However, for flexible structures, the lowest elastic mode may interfere with the rigid
body modes. Therefore the support system is needed to be designed to avoid interference
of the rigid body modes on the lowest elastic mode of the test structure.

On the other hand, even soft springs introduce stiffness and damping into the system.
This added stiffness and damping of the suspension may significantly alter the modal

parameters of the elastic modes of the test structure.

Historically, there has been concern for suspension stiffness and its effect on measured
modal parameters of the test structure. Bisplinghoff, Ashley and Halfman [38] discussed
the effects of support stiffness and mass on the modal frequencies, based on the results
of Rayleigh [39]. Wolf [40] discussed the effects of support stiffness with regard to
modal testing of a car. Initialy, he analytically studied the effects of a spring to ground
on a smple 2 DOF system. He then analysed data from a modal test of a car. He
concluded that to minimise the influence of the suspension system, the support system
should be attached to the most massive portion of the test system. He also reported that
the rule of thumb to simulate free-free boundary conditions is to design the support
system so that the rigid body modes are no more than one-tenth of the frequency of the
lowest elastic mode. But, for the case of vehicle tests, it is seldom possible to achieve
such a separation. He stated that test engineers frequently use 1:3 to 1:5 separation ratios
between rigid body modes and lowest elastic mode. He showed that such stiff supports

can lead to significant errorsin the measured modal parameters.

Carne and Dohrmann [41] studied the effects of the support stiffness and damping on
measured modal frequencies and damping ratios. They developed the model used by
Wolf by including damping in the supporting system of the model. It was shown that for
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a ligthly-damped structure even when the rigid body modes are no more than one-tenth
of the frequency of the lowest elastic mode, the measured damping can be far from the

true damping.

Lindholm and West [42] investigated the effects of suspension stiffness on a beam using
different shock cord lengths and thickness. A perturbation study was done to determine
what effects suspension stiffness would have on the mode shapes of the beam. In order
to update the analytical model of the beam, optimisation routines were used to achieve a
minimal difference between the analytical mode shapes and the experimental mode
shapes. This study is especialy important because the updating routine was done using

several experimental mode shapes at once to find the optimum one.

It can be concluded that although suspension springs may have serious effects on the
measurement, there is still no method to correct the effects of the suspension springs on
the measured FRFs. Moreover, a method is needed to assess the quality of the

measurement due to the effects of the suspension springs on the measurement.

2.4 Perturbation of Boundary Condition (PBC)

In a standard modal testing method, a modal model is normally based upon a single
testing configuration (i.e.: free-free, fixed boundary condition, etc). The number of
modes which can be extracted by this method consists typically of 10 to 40 lowest
frequency modes for the given test configuration. This data base is far too small to
completely update an FE model, and , in general, is still too small to develop an accurate
modal model for dynamic modification. As a result, a new testing procedure has been
developed which is referred to as the Perturbed Boundary Condition (PBC) testing
method. In the PBC method, the system is tested in a number of different configurations,
each configuration consists of the system with one or more of its boundary conditions
perturbed. The different boundary conditions change the original modal space of the
system. (Figure 2-5).
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Figure 2-5. Perturbation of boundary condition (PBC)

Basicaly, two boundary condition perturbations are being examined. The first is a
stiffness change; the second is a mass addition at the boundary point. The mass addition
technique is specially targeted at stiffer structures while stiffness modification testing is
targeted towards low frequency flexible structures tested in a free-free configuration

where the test support system interferes with the accuracy of the resulting modal model.
The use of PBC alowsfor :

1. Estimination of rotational degrees-of-freedom.
2. Elimination of support effects.
3. Simple boundary simulation

4. Mode enhancement

Simley and Brinkman [43] employed the mass additive testing approach to show the
importance of rotational degrees of freedom and to estimate them. For a simple beam the
rotational mode shape was computed from a set of trandational data. However, it was

not possible to achieve the necessary resolution in the areas where it is needed.

One of the first PBC methods applied to Finite Element modelling verification was
applied to large flexible structures by constraining to ground the interior points of the
structure and verifying the constrained structure against an FEM model [44], [45], [46],

[47].These large flexible structures were difficult to test free-free because the
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frequencies of the elastic modes were too close to the rigid body modes of the structure.

Constraining the structure eliminated the support problem.

Coleman and Anderson [48] used mass additive testing for a simple boundary simulation
to approximate an in-situ configuration for a space shuttle flight pay-load. Traditionally a
fixed-base modal test has been performed as a means of verifying the coupled-load
mathematical model. An aternative method, a free-free configured payload using mass
loaded boundary conditions , was presented as a means of verifying the coupled loads
model. The method is cost-effective in that an expensive test fixture with unknown
boundary conditions is replaced by a relatively inexpensive, reusable suspension system
that produces a known boundary condition which does not contaminate the modal test

results with fixture-coupled modes or boundary condition uncertainties.

Mode enhancement utilises certain modifications to a structure to alow for the
measurement of a mode which is normally outside the measurement bandwidth, thereby
allowing verification of potentially important system modes. Mode enhancement has
been examined as a method for incremental updating an FE model using the various
system models for each configurations. Gwinn, Lauffer and Miller [49] used a technique
for synthesis of mathematical models of structural systems using experimentally-
measured component modes that have been enhanced by mass interface loading. With
this technique, individua components were tested with arbitrary discrete masses added
to interface points. The effect of the interface mass was then analytically removed before
the component was assembled into the global system. Results from this study indicated

significant improvement in the assembled system property.

Recently, procedures for utilising a PBC database for updating of finite element models
were being developed [50], [51]. These techniques are currently at an early stage of

devel opment.

Brown, Pierre and Barney [52] introduced a procedure for estimating the free-free modal
characteristics of a system by testing multiple constrained states. The procedure utilises
PBC to decouple the effective forces from the true excitation forces and reduces the
influences of the constraints on the modal parameters. A frequency domain Auto

Regressive Moving Average (ARMA) model was used to calculate the system’s free-free
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characteristics and to provide additional system model information for Finite Element
(FE) correlation.

Structural modifications in the form of mass and stiffness additions are usually applied
to the basic equation for describing the dynamics of a lumped parameter system as small

additions to the respective free-free mass and stiffness matrices.

(M +AM]s? +[C]s+[K + AK]){ X} ={F} (2-21)

Equation (2-21) can be rearranged to allow for a direct solution of the free-free system

characteristics:

(M]s? +[Cls+[KD{ X} ={F} +{-[AM]s? —[AK]){ X} (2-22)

:{F} +{Fe} :{Ftotal}

where {F.}is the matrix of the effective forces. It can be seen that by measuring the
displacements of the system, as well as input forces, al of the terms on the right hand
side of the equation (2-22) are known (given that the modification matrices are known)

and the free-free system parameters are obtainable.

By using the ARMA model the effective forces, the unmodified system’s characteristics
may be obtained without the need for an FRF calculation. The equation for describing

the dynamics of a lumped parameter system is shown as :

(M]s +[Cls+[KD{X} = {Fou} (2-23)

or .
IMITCDS X} + [ M]TTKI{ X} =[M] ™ {Fu} = -[115°{ X} (2-24)

or .
[AIS{ X} +[ AKX} +[Byl{ Fa} = —T115°{ X} (2-25)
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The above equation is a standard Auto-Regressive Moving-Average (ARMA) model. Or

in matrix form:

(2-26)

[A A B =-[1]s*x

| I:II:IQ
T X
O Odd

To solve the above equation there must be at least as many measured vectors as active
modes. These measured vectors can consist of the various test configurations at severa
frequencies. By condensation of different configurations, the resulting matrix of equation
(2-26) takes on the form of :

CjeaX,} jofXo} - j@dX0)
A A BIO{X.} {Xof . Xz}

% {FlP} {FlQ} . {sz}
Far{xo} -af{xo} . -ai{X,} . ]

(2-27)

I I%II:I'IZI

in which P and Q refer to different configurations. The ARMA coefficients , the

[Alsand [B ]s, can be solved by using the pseudo-inverse of the measurement matrix

in equation (2-27).The averaging property of this procedure uncorrelate the effective

forces and allow for a solution.

Equation (2-23) can be arranged in the form of :

(A)s +[Als+[ADX O} =B, {Fou} (2-28)

Equation (2-28) is the Laplace domain UMPA model for PBC test data The same
procedure which was explained for the ARMA model is applied here to find the
unknown UMPA coefficient matrices, [A] and [B,] in equation (2-28).
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Brown, Vold and Shumin Li [53] used the scaled least square method with an UMPA
mode to find the free-free parameters. They showed that the unknown coefficient can be

estimated from solving the following equation :

)Xt (@) {Xe) - (j@)4 X} . O
['Z& Zb g]D jwl{XlP} jwl{XlQ} . jwz{xzp} . H:

E {FlP} {FlQ} : {sz} E
[xw@)} Ko@)} - Ko@)} . ]

in which P and Q refer to different configurations. Since both X(«) and F(a)
normally contain measurement errors, a more accurate estimate of the UMPA
coefficients can be obtained by using the total least-square method. This method allows
for the cancellation of the effect of noise and provides unbiased estimates of the modal

parameters. The procedureis reported in [53].

It seems that the PBC method can provide an effective tool to deal with measurement
problems such as mechanical errors which are not possible using conventional modal
testing. However, so far the PBC concept has been applied only for spatial models (mass
and stiffness models) and not for response models (FRFs) which is the subject of this

thesis.

2.5 Measurement of rotational DOFs

Rotational DOFs are present, in most cases, in 75% of the complete FRF matrix.
Knowledge of them can therefore be of extreme importance to obtain reliable results
when doing calculations related to coupling, structural modification, Finite Element
model updating, joint identification, etc. However, there are neither reliable angular

transducers available, nor a practical means of applying moment excitations.

For this reason most of modal analysis techniques tend to be developed by avoiding as
much as possible the measurement of rotational FRFs, or by minimising the effects of
not knowing them. Condensation and expansion techniques, mainly when addressing FE

updating methods, are sometimes used to circumvent the problem.
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Kistler's 8832 TAP system simultaneously measures one translational and one rotational
acceleration. The system uses the dynamic deformation of piezoelectric cantilever beams
as the transduction principle [54]. However, this system could not adequately solve the
problem of measurement of the rotation. Aside from rotational accelerometers, several
other methods have been used for rotational measurements and obtaining rotational

FRFs which are discussed below.

2.5.1 Theexciting block technique

This technique is based on the measurement of accelerometers properly placed on an
additional block which is attached to the point of interest on the structure. The theory of
exciting block is fully developed in references [55] and [56]. An engineering application

of this technique is presented in [57]. However, the cross-sensitivity of accelerometers
and additional mass and local stiffening of the block could cause problem in this
technique. These are explained in references [58] and [59]. It was shown in [60] that it is
possible to estimate accurate rotational response/force FRFs but the more difficult FRFs

to estimate are those related to moment excitations.

2.5.2 Thefinitedifferencetechnique

This technique is based on the estimation of the rotational properties from spatial
derivatives of translational data which in turn are gathered by accelerometers placed on
the structure at convenient distances from each other [61] , [62]. This approach presents
an advantage over the exciting block technique since the mass and stiffness properties of
the structure are not altered so much in the measurement region. The distance between

measurement points is critical for the correct estimation of rotational FRFs [59] .

The derivation of the translational data can be accomplished using either first-order [61]

or second-order [62] finite difference formulas. The derivative approaches, however |,

proved to be effective only for simple structures [63] ,[64]. The fitting function is an

alternate approach to cover either simple or complicated structures. The fitting function

approach is divided into two groups : polynomials [65], [66] and splines [64], [67], [68]

fitted to translational data. These techniques have shown considerable potential. The
38



Chapter 2 Literature Survey 39

polynomials are ideal for representing uncomplicated relationships. The main
disadvantage, however, is the inability of polynomial fits to produce acceptable results
for the higher frequency modes. Splines, on the other hand, are more suitable for
representing very complex surfaces. On the other hand, splines are computationally

efficient and more stable numerically than polynomials.

2.5.3 Laser interferometry

Laser interferometry is a technique in which by analysing the difference in phase
between a measurement beam, reflected off the object of interest, and a reference beam,
displacement can be detected with a resolution on the order of nanometers. Coupling two
or more measurement beams, offset laterally by a fixed distance, alows rotation about
one axis to be measured. While offering a very accurate means for sensing simultaneous
rotations and tranglations, laser interferometry requires expensive, unwieldy analysis

equipment.

Several application-specific devices capable of multi-axis measurement systems have
been reported. Automotive researchers have developed a laser-based system for piston
measurement [69]. In this system a collimated light beam is aimed through an optical
port machined into the cylinder head at the piston surface and receives the reflected
beam on to two position sensing photodetectors. The detector outputs are then used to
determine the axial position and tilt angle of the piston. However, the hardware limits on
resolution and the position and rotational angle of the piston were not effectively
established.

Another system developed for positioning of a magnetically levitated micro-manipul ator
relies on three light sources and three photodetectors [70]. Opague wings with a single
pinhole in each are attached symmetrically to the manipulator. The wings are positioned
so that a light source and a detector are on opposite sides of each pinhole. As the wings
move, the light spots sensed by the detectors move, and the corresponding output
information can be processed to determine the manipulator's new position. Since the
wings are all coplanar, this system is only capable of measuring four degrees of freedom,

two translational and two rotational.
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Sommer, Trthewey, Caefo and Rieker [71] used Laser interferometry for a noncontacting
measurement approach, capable of simultaneously sensing one dynamic translation and
two dynamic angular rotations. The transducer system is based on the positional
measurement of two laser beams reflected from a planar target. Using the geometric
orientation between the incident light beams and the corresponding reflections onto two
position sensing photodetector, the trandation, pitch angle and roll angle of a planar

target can be determined. The reported resolution is 40 um for trandation and 0.02

degrees for rotation with a working range of 2x3 mm and =50 degrees. Bokelberg,
Sommer, Trethewey and Chu [72] developed the technique for simultaneous
measurement of three trandational and three rotational displacements of a vibrating
object. The system is based on sensing the positions of three collimated light beams
reflected from a tetrahedral target attached to the vibrating object. The dynamic position
of the target is determined by using the system geometry , coordinate transformations

and kinematics closure procedure.

This method offers accurate results but it is vulnerable to noise in the computations and
the mass and stiffness properties of the structure altered by the attachment of tetrahedral
target.

2.5.4 Laser-based 3D structural dynamics modelling

Modelling the laser-based experimental 3-D (3 dimensiona) structural dynamics
response of structures under test is one aspect of a larger body of research defined as
structural imaging. Structural imaging includes shape and dynamic response modelling
from laser measurements, and it then culminates with the visua display and analysis of
the complete shape and dynamic response models. This method consists of taking three
single-dimension measurements from different vantage points and then transforming
them into an orthogonal triad of velocities. The measurements do not need to be in an
orthogonal orientation. This method has evolved from the work of R. M. Huffaker [73].
Huffaker used a Laser Doppler system to measure the three-dimensional velocity of a
gas. To measure the velocity he had one laser shooting into the gas and three laser
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detectors measuring the velocities. The velocities were then transformed into an
orthogonal coordinate system. His method would not work for the measurement of the

dynamic behaviour of a structure because it depends upon the transparency of the gas.

Most structures are opaque, thus blocking the laser light. However, Huffaker's method
was modified by Donavan [74] for use on structures. Donavan used a Laser Doppler
velocimeter that had the laser and detector all in the same unit. The unit actually
measures velocity in the same direction as the laser beam and makes measuring dynamic
response of a structure possible. Donavan’s approach used one laser that took all three
velocity measurements in three different positions. The laser had to be physically moved
to each defined location separately. In many measurement situations it is difficult to

position the laser accurately.

Mitchell and Abel [75] used a computer algorithm called the Four Point Registration

Method to accomplish the locating of the laser in space. The method requires that the
structure have four points marked with their exact coordinates known, in the reference
coordinate system. These four points are called registration points. At each new laser
position the laser beam needs to be moved, or scanned, to the first registration point.

This is done by electronically moving the two internal scanning mirrors.

Mitchell and Galaitisis [76] developed a theoretical technique to extract drilling-angular

velocities (6,) from translational velocities using high spatial density data from a

scanning Laser Doppler Vibrometer (LDV). wheiis the out of plane direction.

Kochersberger [77] and Sun [78] developed a method for angular velocity of in-plane
velocities using a DFT-IDF technique (Discrete Fourier Transform-Inverse Discrete
Fourier Transform). Their effort resulted on measurement of two more DOFs; rotation

aboutx andy axes where andy are in-plane directionss( andé, ).

Lindholm [79] used a registration procedure in which the laser is “manually” aimed at

several points of known location on the structure. Three translation coordinates and three
rotation angles are then estimated using a weighted non-linear least-squares procedure in
which differences between predicted scanning angles and measured scanning angles

(used to hit the registration points) are minimised.
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Although laser-based 3D techniques are expensive and time-consuming processes, they
do give a general and continuous data about the dynamic behaviour of the most of the
points of the structure. However, this is not an easy task using other methods of

measurement.

2.5.5 Scanning Laser Doppler Vibrometer (LDV)

An LDV beam can be scanned continuously along a line on a vibrating surface giving a
modulated output which can be used in a number of ways to analyse structural vibration.
Stanbridge and Ewins [80], [81], [82] used a continuously-scanning LDV to measure
rotational response of the structure. They found that the response signal contains three
components : one at the excitation frequency, giving the trandational response, the
others with an equal distance from the excitation frequency, giving the rotational
responses. Two linear sine scans along orthogonal in-plane axes are sufficient to find the
in-plane rotational vibration. However, by using a circular scan it is possible to obtain

this information with just one measurement.

Stanbridge and Ewins [83] developed a new conical-scanning technique which gives an
easily-quantifiable measure of the magnitude and direction of the vibration of a point,
even if the vibration is in-plane. It has been shown that the total state of trandlational
vibration and rotational vibration except drilling angular velocity can be derived using a
short-focus lens to produce a conical scan. This method, however, is in its early stage

and needs to be developed for practical cases.

2.6 Noise

Measured FRFs contain a certain amount of noise, a feature inherently present in al
measured data. The success of the methods based on modal testing depends on the
quality of data and, especially on the level of the experimental noise. Estimators are used
to deal with the problem of noise. Bendat and Piersol defined H, [84] estimator as:

G G (2-30)

_ Xy uv
H, =

G ) GUU +GITITI

XX

42



Chapter 2 Literature Survey 43

where G, is the cross spectrum between the measured force signal and the measured

response signal, G,, is the cross spectrum between the true force signa and the true
response signal, G, is the auto spectrum of the measured force signal, and G,,,, is the
auto spectrum of the noise from the force transduction system. The H, estimator

underestimates the magnitude of the FRF near resonance. At resonance the structure
looks like a short circuit (low impedance) to the shaker. This results in large losses
within the power amplifier-shaker itself and a low-force input. The low-force input
reduces the level of signal-to-noise ratio and allows the force transducer output signal to
approach the transducer noise. In this case, the result is biased. However, the bias is
caused only by the noise from the force transduction system. Transducer noise has no

influence on such bias provided the estimates are sufficiently averaged.

This is the worst place to have erroneous estimates of an FRF. The reduction of the
magnitude in this resonance area can effectively influence the estimation of the modal
parameters. The first aternate estimator H, [85] was proposed in the early 80’s. This
estimator was designed to yield an upper bound estimator on the FRFH.Jhe
estimator is defined as :

G, G,+G. (2-31)
H: =6 =" ¢

yX uv

where G, is the auto spectrum of the measured response si@)alis the auto

spectrum of the true response signal, &g is the auto spectrum of the output
transducer noise. The, estimator is a good estimator of the FRF at resonance even in
the presence of the noise from the force transduction system. At resonance the response
signal is very large with respect to the system noise. Thus, the numerator approaches the
true auto spectrum of the response. The denominator of equation (2-31) approaches the
true cross spectrum with appropriate averages. The problem with this estimator is that it

has a poor quality at the anti-resonances within the FRF.
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After estimator H,, aseries of other FRF estimators were proposed [86], [87], [88]. The
H,[86] and the H, [89] estimator were the closest to an optimal estimator over the full

range of the FRF. However, these estimators required another estimator for the various

levels of uncorrelated content entering the estimation process.

In 1985 Goyder [90] presented an idea for the improvement of the FRF estimation
process. He suggested :

he =B _Ge (2-32)

where G, is the cross spectrum between the excitation source signal and the measured

response signal, G, is the cross spectrum between the source signal and the true
noiseless response signal, and similar definition between the measured force signal and
the excitation source signal. The details of this methodology (Equation (2-32)) were
delineated by Cobb [91], [92]. He explained the unbiased estimator properties of the

H ® estimator and defined the finite sample size bias error effect. Moreover, he defined a
technique for estimating the confidence bounds on the FRF for the first time and
proposed a method for the determination of the source of and the quantity of noise
associated with each transducer and shaker in the system. This new FRF estimator
provides one of the best methods for the unbiased estimation of the FRF.

2.7 Conclusions

 Modal testing techniques can be very sensitive to even small changes in the
structure’s dynamic behaviour, such as those that are usually considered negligible in
the measurement. So there is a need to investigate the effect of the small changes in
the system relating to the mechanical devices such as accelerometers, suspension

springs and stingers.

* On a more philosophical note, the expectations from a high quality modal test are not

formulated very clearly. The maximum allowable changes in the measured FRFs due

44



Chapter 2 Literature Survey 45

to the effects of the measurement errors and their relation to measurement accuracy
need to be defined further.

* Thereisstill no general applicable procedure to deal with the mass-loading effects of
transducers at non-driving points. Moreover, amethod is needed to assess the quality

of the measurement due to the mass-loading effects of transducers.

» Suspension springs may have serious effects on the measurement but there is still no
method to correct the effects of the suspension springs on measured FRFs. Moreover,
amethod is needed to assess the quality of the measurement due to the effects of the

suspension springs on the measurement.

* While some researchers have given interesting guidelines to the design of stingers,
there are some parameters such as misalignment of the stinger which should be
considered in the behaviour of stingers. Moreover, a technique is needed to assess

the performance of the stinger in practice.

* The PBC method seems quite promising for the assessment of the quality of the
modal testing in the sense that different configurations for an identical test structure

alow for the detection of the measurement errors and obtain the exact FRFs.

» In spite of extensive research for the measurement of rotational DOFs, no generally
applicable procedure has been found so far. The more difficult FRFs to obtain are

those related to moment excitations.

* Noiseis the main problem in the computations of the methods based on the modal

testing results.
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CHAPTER 3
Correction of mass-loading effects

of transducers in modal testing

3.1 Introduction

The mass-loading effect of transducers is one of the sources of error in modal testing.
A transducer mounted on a vibrating system changes the dynamics of the structure
and introduces errors into measured FRFs. One problem with this is the production of
unrealistic results, which cause the measured resonant frequencies to be less than the
correct values. A further problem is the inconsistency of the data base when using a
series of measurements with roving transducers in order to acquire data for modal
analysis. Data inconsistency can cause severe problems in the curve-fitting process,

particularly when applying a modern global parameter estimation agorithm.

It is desirable to cancel the effect of the extra masses on a measured FRF. The mass
cancellation technique for transducers at the driving points has been explained by
Ewins [5]. However, there are few publications about quantification of the mass-
loading effects, caused by a measuring transducer, at the non-driving points [34],
[94].

The method of Structural Modifications Using experimental frequency Response
Functions (SMURF) was investigated first to avoid the difficulties of developing a
modal model for structural modification proposes. This method was introduced by
Klosterman [95].

In this chapter, the SMURF method is used to revisit the problem of mass-
loading effect of transducers. Based on this analysis, a genera solution for

correction of the mass-loading effects of transducersis proposed.
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Thiswork was done prior to and independently of the work published in [36] and then revised
and published in IMAC 1998 [93].

3.2 Theory

3.2.1 Mass modification

Changes in the FRF of a system due to mounting a mass can be estimated using direct

substructuring technique SMURF as follows :

Figure 3-1(a) indicates a structure which has been rigidly connected to the second
system of amass. The connection isat point j and in x direction. The force excites the
structure at point i and the response is measured at point |. Figure 3-1(b) indicates the
free body diagram of the system.

(a) (b)

Figure 3-1. Mass modification

As is usually the case in modal testing, the system is presumed to be linear. The

equations governing the coupled system are:

X, =a;F +a;R (3-1)

X;=a;F +a;R (3-2)
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X =a. R (3-3)
where:
1 3-4
amm == 2 ( )
mc

and the constraining equations are :

X, =X, (3-5)

R+R,=0 (3-6)
Elimination of the reaction forces and displacements at the connection point results
in:

a.a; . 3-7
X :(ali_a ]_l_z,__)':i:anm-':i &)
mm ii

in which a," is the modified receptance function between points | and i when the
second system is a mass with the amount of m and connected rigidly to the original
system at point j. From equation (3-7) one can immediately relate a,'” and the

original receptances, thus:

a=a _ 9% (3-8)

mm ii

in which a,,a;,a,,a; are the original receptances, namely for the system without

ji
the accelerometer. Multiplying both sides by —«.?, the relation between accel erances
is:

AA (3-9)

AY = A - A+ A

Equations (3-8) and (3-9) are genera equations for modifying a system by the

connection of amass, m.
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One can develop three special cases which are applicable in the mass cancellation
technique suggested in this work.

(@) For the special case of an attached accelerometer, the point of response

measurement is the same as the point of connection (j=I,1#1) (Figure 3-2) .

Equation (3-9) can then be rewritten as:

) = A — AA (3-10)
A=A A +A
where A is:
1 3-11
A= (3-11)
Fk(w) I m
X]C (@) Xl(w)

Figure 3-2. Mass modification of an accelerometer

Inserting equation (3-11), equation (3-10) can be simplified as :

A_(|) - A (3-12)
L 1+mA,
Equation (3-12) shows how the measured FRF A " is related to the correct

accelerances, A, and A, .

(b) For the driving point accelerance (j=I=i), equation (3-12) can be summarised as:

o = A (3-13)

AV =
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which is nothing other than the standard mass modification at the driving point.

(c) For the case that there are two accelerometers attached at points i and j (i=I)

(Figure 3-3(a)), one can consider mass m, is attached at point j to the system

consisting of mass my and the structure B (Figure 3-3(b)).

(b)

Figure 3-3. Uncoupling of one mass

In this case equation (3-9) can be summarised as :

. . A
G =A@ >0 7
AT =A 1

(3-14)

Equations (3-12) , (3-13) and (3-14) can be derived using the FRF coupling technique

which is the same idea suggested by Maia, Silva and Riberio [36].

3.2.2 Correction of the mass-loading effects of transducers

Equation (3-12) shows how the measured accelerance A, is related to the correct

accelerances, A, and A, . In equation (3-12), If A, and A, are known, A, the

correct transfer FRF, can be computed. A" is obtained by measurement. If A®

could be measured, A, would be obtainable using equation (3-13) . However,
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measuring FRFs at all driving points is a time-consuming process. Furthermore in
most cases the excitation and response measurement at some points on the test

structure is impossible. To overcome the problem of obtaining A, , one may consider

two measurements with two different accelerometers with different masses ( Figure 3-
4).

Here the magnitude of m is different to that of m,. The equations governing the

systems are :

C T 1emA, (3-15)

(o)

Figure 3-4. Measurement using two different accelerometers

inwhich A, " is different from A;" . In matrix form, equation (3-15) can be written

as:
01 mD
o ‘0 - 3-16
DA'l %A 0= %LD (319
ot _0A0 OO0
A0 e
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Equation (3-16) is a combination of two linear equations and can be solved for A,

and A :
M1 T
Ui —M 3-17
EAME [D’A\i(l) ﬁ% ( )
AD EDL “m, 0
A

With this procedure one can obtain two correct FRFs (A, and A,) by undertaking

two different measurements (A, and A;"). So the mass cancellation has been

accomplished for transfer FRFs. Moreover, the driving point FRF at point | has been
found without having to measure it. This method is basically the same as that
suggested in [36]. However, the present computational procedure is more systematic

and is especially helpful in dealing with noise, as discussed below.

3.3 Demonstration and verification of the method

3.3.1 Validation of the method

To prove the validity of the method presented in section 3.2.2, a 12 DOF system of
masses, springs and dampers has been considered in a simulated test (Figure 3-5).

Table 3-1 shows the specifications of the system.

Table3-1. Parameters of the 12 DOF system

DOF Mass (K g) Stiffness (N/m) | Damping (NS/m)
1 3 7000 0.3

2 1.3 10000 0.2

3 1.5 5000 0.1

4 1 2000 0.8

5 1 10000 0.5

6 25 5000 1.6

7 1.5 10000 1

8 1 3000 0.3

9 1 5000 0.8

52



Chapter 3

Correction of mass |oading effects of transducers in modal testing

53
10 25 10000 0.3
11 12 4000 0.5
12 1 8000 0.9
mq ‘m4 L”4 m, L% me L‘s
IO
xfi m, 5 HJ ks HJ ke HJ
xzi m, k7§HJ7k8§LH8k9§LH9

The system is excited at point 2. An accelerometer has been attached to the system at
point 1 to measure transfer FRF, A, , in the simulated test (Figure 3-5). In order to

show the difference in graphical representations clearly, the mass of the accelerometer

has been exaggerated (m,= 1.5 Kg). Figure 3-6 shows the comparison of the

accelerances , A,, of the system without accelerometer (solid line) and with

1|z

§ Hké ) k§ k§ Ji

Figure 3-5. A numerical example of 12 DOF system

x
1

accelerometer (dashed line).

For correction of the measured FRF, another accelerometer with the mass of 1.2 Kg
was used at point 1 in the smulated measurement . Using equation (3-17) the correct

values of A, and A ,were calculated. Figure 3-7 shows the comparison of the true

FRF, A,, and the measured FRF, A", after correction. As can be seen, the

measured FRF, A", coincides with the true FRF after correction.
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Figure 3-6. Comparison of the accelerances, A,, of the system without

accelerometer (solid line) and with accelerometer (dashed line)
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Figure 3-7. Comparison of the accelerances, A,, of the system without

accelerometer (solid line) and with accelerometer (dashed line) after correction

The same coincidence was obtained for A, , (not shown here)



Chapter 3 Correction of mass |oading effects of transducers in modal testing
55

3.3.2 Practical considerations

The method suggested in this article is exact, but in practical situations may be
vulnerable to measurement errors such as noise. To understand the scale of the
problem, two further simulated tests were conducted. The specifications of these tests

aregivenin Table 3-2.

Table 3-2. The effect of accelerometer mass on the computations

FRF Az

The mass of the first accelerometer 0.1 (Kg)
The mass of the second accelerometer (1% example) 0.11 (Kg)
The mass of the second accelerometer (2™ example) 0.2 (Kg)
Percentage of noise 5%
Freguency Range 1-10 (H2)

The FRFs of the system were polluted by adding random noise using the following
relation:

-

A =[1+ax(2x RAN —1)] x A, (3-18)

where Ai is the noisy accelerance, @ is the percentage of noise, RAN is a random

value between 0 and 1 and A, is the accelerance without noise. The percentage of

noise in this example is 5%.

Two different masses were used for the second accelerometer. The mass of one of
them was close to the mass of the first accelerometer (0.11 Kg) while the mass of the
other one was quite different (0.2 Kg). Figure 3-8 shows the result of the correction
with the 0.11 Kg mass. Figure 3-9 shows the result of the correction with 0.2 Kg

mass. It is clear that this calculation is sensitive to noise when the two masses are
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close in size. However, if the two masses are different enough from each other, the

result is quite satisfactory.

Svelerance (A re | me™-2N
1 L 1 1
| o -] = [ - - [
o & & &8 & & °o o o o
=

|
B
=]

= 3 - = B T <] q 10
Frofuomecy dHck

Figure 3-8. Comparison of the accelerances, A,, of the system without

accelerometer (dashed line) and with accelerometer (solid line) after correction using

noisy data
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Figure 3-9. Comparison of the accelerances, A,, of the system without

accelerometer (dashed line) and with accelerometer (solid line) after correction using

noisy data
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The reason for this can be found by looking carefully at equation (3-17). The matrix :

=

E
oOOood

(3-19)

-m
-m

Ej

will beill-conditioned if two rows of the matrix are highly correlated. As m becomes

closer to m,, A" becomes closer to Aj’. Consequently, two rows become more
dependent on each other and in the presence of noise, the inverse of the matrix is
unrealistic. Therefore, it is important to choose suitable masses to avoid unrealistic

results.

3.3.3 Experimental case study

A simple beam was used for the experimental validation of the method presented in
this chapter. The beam was made of mild steel, and had dimensions 20 x 0.6 x 44cm

and a weight of 0.412 Kg. Figure 3-10 shows the set-up of the equipment for a
hammer test of the beam. Although 6 directions must be considered, the motion of the
beam was considered in only two directions. one axial direction (2) and one rotational

direction (6, ). The experimental model of beam was divided in to 6 equal elements

and was tested in a free-free configuration, suspended by soft elastic cords attached to
the beam at points 2 and 6 (see Figure 3-10).The excitation was applied at its neutral
axis at point 5 and the response was measured at point 4 using a light accel erometer
with a mass of 0.004 Kg. To conduct a genuine test, it was assumed that the structure
consisted of the beam and the accelerometer. Then, two different extra masses are
added to the accelerometer on two different tests and the beam was measured. These
extra masses were assumed to be two different accelerometers with different masses.
There are two benefits in this assumption. First, an exact result (without any extra
mass) of the structure can be obtained. Second, one accelerometer is used for all of
the measurements. Therefore, this procedure alows us to eliminate all the other

possible sources of the error (except for mass-loading effect) in the measurements.
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The extra mass for the first test was 0.029 Kg (7% of the mass of the structure) and
for the second test was 0.048 Kg (11.5% of the mass of the structure). The structure
was tested once without extra masses installed to obtain exact transfer and point FRFs
for comparison purposes. Figure 3-11 shows the comparison of the exact receptance

function (a ;) and the measured receptance function around one of the resonances of

the beam using two extra masses to represent the accelerometers. In this case the
measured recptance was affected by the extra masses and the resonance was shifted to
the left. Using the method suggested in this chapter for the correction of the mass-
loading effects of transducers, the FRFs were corrected. Figures 3-12 and 3-13 show
the comparison of the computed FRFs and the exact FRFs for the transfer and point
FRFs, respectively. An interesting point is that the driving point FRF(a,,) was
obtained without measurement. Figure 3-13 shows that the corrected FRF and the
exact FRF match around resonance while at other points the computed FRF is more

noisy. Fortunately, most of the information from modal testing is from the resonance

areas.

LLLLLLLLLLS YI777277774

Elastic cord
Flastic cord

(@:@ @T;iy

‘7/'/ 24 3e 4 5e 6 x
[
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@)
O Analyser
O
Charge Amplifiers Computer

Figure 3-10. Experimental set-up for hammer testing of the beam
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Figure 3-11. Measurement of the structure affected by extramasses (a ;)
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Figure 3-12. The comparison of the computed transfer FRF and the excat FRF (a ;)
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Figure 3-13. The comparison of the computed point FRF and the exact FRF (a,,)

3.4 Calibration of thetest set-up using the correction method

One of the interesting applications of the method suggested in section 3.2.2 is
checking the calibration of the test set up. As with all measurement process, it is
necessary to calibrate the equipment which is used in modal testing during each test.
It is customary to use a simple rigid mass-like structure to calibrate the equipment. If
the accelerance of this rigid mass is measured, then the FRF obtained should be equal
to (Ymass) over the entire frequency range, and this is a quantity which can be

accurately determined by weighing.

In this section an alternative method is presented to calibrate the test set up by
modifying the test structure. It was shown that the measured FRFs can be corrected if
the measurement is repeated with an accelerometer of different mass. The answers to

equation (3-17) can be simplified as :

A= Metm
oM m (3-20)
A T AY

and
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1.1
A = AL AT (3-21)
oom m

p— +
AD A

Now suppose that the test set up is uncalibrated. Then the measured FRFs shift
upwards or downwards by a factor like a with respect to the calibrated FRF.
Therefore, the measured uncalibrated FRFs are equal to calibrated FRFs multiplied by
a . For uncalibrated FRFs, equations ( 3-20) and (3-21) are changed as:

~ -m+m
A= “m, L_aAﬁ (3-22)

+
—~ ) (M
a A aAﬁ

and :

11 (3-23)
=0t A0
~ a A ahA; _

A= —m, m, =A

+
—~ ) 0]
a A OAi

As can be seen from equation (3-23) the driving point FRF is automatically calibrated
through this process while equation (3-22) shows that the transfer FRF has not been

calibrated yet. Therefore the measured FRFs , A “and A;", and the corrected
transfer FRF, A, , are all uncalibrated and at the same level although at a wrong level
while the corrected driving point FRF is now calibrated and shiftsto theright level.

Figure 3-14 shows the result of the correction process for the calibrated measured
FRFs and Figure 3-15 shows the result of the correction process for the uncalibrated
FRFs. As can be seen, the corrected point FRF shifts to the correct level through this

process while the corrected transfer FRF is at the same level as the measured FRFs.
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Figure 3-14. Correction of the calibrated measured FRFs
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Figure 3-15. Correction of the uncalibrated measured FRFs

This procedure can be used to check the calibration of the measurement set-up.
Because this calibration method is on the structure, instead of arigid calibration mass,

it is more reliable and more convenient than existing calibration methods.
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3.5 Assessment of the quality of the measurement

Traditionally, the mass-loading effects of accelerometers are avoided by using small
accelerometers and, as a result, the effects of these mechanica devices on the
measured FRFs are often considered to be negligible. There is no known proof to this
belief and no criterion to quantify the quality of the measurement. In this section a
method will be suggested for assessing the quality of the measurements in
conventional modal testing related to the mass-loading effects of accelerometers. Here
the emphasis is to use the theory which was presented earlier in this chapter for the

correction of the mass-loading effects of accelerometers.

3.5.1 Assessment of the quality of the measurement based on the

changesin the natural frequencies of the structure

From a practical point of view, comparison between the natural frequencies of the
measured FRFs and those of the exact FRFs is a suitable way of assessing the quality
of the measurement. When there is no discernible change in the natural frequency of
the structure due to the attachment of an accelerometer, the measured FRFs can be
judged to have a good quality; otherwise, the results are not reliable and there is a
need to cancel the mass-loading effect of the accelerometer. Even though, there is no
access to the exact natural frequencies of the structure in the test, they should be
obtained in some way. If the driving point FRF at the point of the attachment of the

accelerometer, A" in Figure 3-2, could be measured then the exact driving point
FRF, A,, would be computed using equation (3-13). A comparison between A(" and
A, shows the difference between the natural frequencies of the structure and those of

the modified structure. However, sometimes measurement of A" is not practical. In

these cases the following method is suggested for obtaining the exact natura

frequencies of the structure:

If an extra mass is added to the accelerometer and the structure is measured again, the
exact FRF can be obtained using the method presented in section 3.2.2 In equation (3-
17), the frequencies that make the determinant of the matrix
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01 mlD
O A
DA‘ O (3-24)
DL |
BZ\HU) B HEE

equal to zero are the exact natural frequencies of the structure. This means that the

exact natural frequencies of the structure are at the frequencies where:

A _m

— = 3-25
Al(il) m, ( )

on alogarithmic scale, we have:

20l0g A" - 20log AL’ = 20Iog% (3-26)

If the magnitude of m, istwicethat of m,, then the right hand side of equation (3-26)

isequal to 6.02. In this case we have:
A = 2A} (3-27)

Thismeansthat if Ay’ is doubled and drawn on a graph together with A", the point

of intersection of 2A; and A" represents the exact natural frequency of the

structure. Figure 3-16 shows the graphical representation of this method. Therefore
the exact natural frequency of the structure can be estimated either by the addition to
the structure of an extra mass, with the same mass as that of the accelerometer, and
using the graphical method shown in Figure 3-16 or by solving equation 3-27. If, by

doubling the mass of the accelerometer, a major difference is not discerned between

A" and A, it can be concluded that the natural frequency of the structure has not
been changed by the addition of the accelerometer. In this case the quality of the

original measurement is acceptable.
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Accelerance (dB)

o 1 0 Frequency (Hz)

Figure 3-16. Estimation of the changes in the natura frequency of the structure by

doubling the mass of the accelerometer

f, = Natural frequency of the structure
f, = Natural frequency of the structure and the accelerometer

f2 = Natural frequency of the structure and the accelerometer and an extra mass with the same mass as
that of the accelerometer.

3.5.2 Numerical case study

To examine the validity of the method presented in the previous section for ng
the quality of the measurement related to the mass-loading effect of transducers, a
simulated measurement of a beam was considered. The dimensions of the beam were
20x 06 x 44cm and its material was steel. The theoretical model of the beam was
built using the concept of coupling of the free-free beam elements. Figure 3-17 shows
the coupling of two free-free beam elements. The receptance matrix of the element A
is[96]:

|]Iqoqo a ofo aqoql a ol B

[a ] - %’roqo aroro af0q| arorl |:| (3_28)
A g]fh% a‘hro aQ|Q| aqm B
Erﬁ% arﬂo aﬁ% aﬁﬁ D
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inwhich q,,q, and r,,r, arethe vertical and rotational displacements of two sides of

the beam el ement.

The elements of [a A] can be computed using the beam properties given in [96]. In the

same manner, the elements of [aB] can be generated .

The dynamic stiffness matrix of the coupled structure can be computed from :

gDA]M 00l o J
[Dac].,=0 0 007 +@ 0 0
L4

E 0 0 Oaxe; %) 0 [DB]4><4 %6

in which [DA] and [DB] are the dynamic stiffness matrices of element A and element

0
0 (3-29)

B.

The complete coupling procedure is explained in [5]. In the same manner as the
coupling of two elements, based on the number of the elements all the beam elements
can be coupled to obtain the dynamic stiffness matrix of the beam. In this numerical

example the beam was divided into four elements (see Figure 3-18).

"o 1, TS 7y

el
A B

L/ %

Figure 3-17. Modelling of afree-free beam

Force
Accelerometer
1 2 3 4 o

Figure 3-18. Simulated measurement on a beam
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An accelerometer with a mass of 0.02 kg was added to the beam at point 3 using the

following equation:
D™(33) = D(33) - m’ (3-30)

Here 3 refers to the trandlational DOF at point 3. In the smulated test the beam was
excited at point 2 and the response was measured at point 3. An extra mass of 0.02 kg
was then added to the accelerometer and the simulated measurement computed.
Figure 3-19 shows the FRF in the region of the third mode of the beam. As can be
seen, the predicted natural frequency (the intersection of the two dashed lines) is the
same as the exact natura frequency of the beam. The results of this simulated

measurement confirm the validity of the method.

.
M

=

Aol erance (B re I me"-

Frequency (Hes

Figure 3-19. Prediction of the exact natura frequency of a beam in a numerical

example
A, (Solid), AP (Dashed), A5 (Dashdot), 2 x A5, (Dashed)

A32 Accelerance of the structure

(S) Accelerance of the structure and the accelerometer

—(3 .
A(o,g) Accelerance of the structure and the accelerometer and an extra mass with the same mass

as that of the accelerometer
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3.5.3 Experimental case study

A simple beam was used for the experimental validation of the method presented in
section 3.5.1. The beam was made of mild steel and had dimensions of
2x0.6x44cm and aweight of 0.412 Kg. The experimental model of the beam was
divided in to 6 equal elements and was tested in a free-free configuration, suspended
by a soft elastic cord attached to the beam at point 1 as shown in Figure 3-20.

Flastic cord
1» Beam

2 o

3 1o

Extra mass /'E}D
Accelerometer h
6 Shaker
7' \\
Stinger

Figure 3-20. Assessment of the mass-loading effect of an accel erometer

The beam was excited at point 6 by a shaker and the response was measured at point 4
using an accelerometer with a mass of 0.03 Kg. After testing the structure, an extra
mass with the same mass of the accelerometer (0.03 Kg) was added to the beam at
point 4 on the other side of the beam (Figure 3-20) and the beam was remeasured.
Figure 3-21 shows the result of the measurement in the frequency range of 0-1200 Hz.
A comparison between A and Al in Figure 3-21 shows that there is no
considerable change in the first and second natural frequencies of the beam relating to

the mass-loading effect of the accelerometer. However, for the third natural frequency

of the beam, the difference between A% and Al is not negligible. The exact

resonance of the beam is at 883 Hz (The intersection of A% and 2 x Al , the solid

and dashdot lines, in Figure 3-21) while the measured FRF, A, shows thisto be at

s

834 Hz. It should be noted that the difference between Al and As at 883 Hz is 6
dB which was predicted in the theoretical part of the method. A 49 Hz error for the
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third resonance of the beam is not acceptable. In this test we used a heavy
accelerometer to demonstrate the method for assessing the quality of the
measurement. In principle, we have to use the lightest available accelerometer in
order to decrease the mass-loading effect of the accelerometer as much as possible. In
the next section atest strategy will be suggested to deal with the mass-loading effects
of accelerometers.

Sl )]

Y

Accelsrmez (d8 re | ms

Fremeency (Hz)

Figure 3-21. Estimation of the error relating to mass-loading effect

AY (Solid), As (Dashed), 2x As (Dashdot)
Aﬁg) Accelerance of the structure and the accel erometer
Z%) Accelerance of the structure and the accelerometer and an extra mass with the same

mass as that of the accel erometer

3.5.4 Recommended test strategy

Clearly, a light accelerometer has the least mass-loading effect on the test structure.
However, light accelerometers have low sensitivity. Moreover, light accelerometers
are expensive and are not aways available. Among the available accelerometers, the

one which can measure the responses of the structure in the desired frequency range
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and has the least mass, is the best choice. After choosing a suitable accelerometer, the

following procedure is suggested for dealing with the mass-loading effect of the

accelerometer in the test:

1-

2-

Test the structure using the selected accel erometer.

Add an extra mass with the same mass as that of the accelerometer to the structure

at the point of the measurement of the response and repeat the measurement.

Estimate the exact natural frequencies of the structure using the method suggested

in section 3.5.1.

If the changes in the natural frequency due to the mass-loading effect of the
structure can not be ignored for a mode of the structure then use the correction
method presented in this chapter to cancel the mass-loading effect of the

accel erometer.

It should be noted that an accelerometer may affect some of the modes of a structure

while other modes remain unchanged. If the accelerometer is attached to the structure

near anode of a particular mode of the structure that mode remains unchanged. In this

case the mass cancellation correction is less urgent. However, if we now move to

another position near the antinode of that same mode, mass cancellation may well be

important.

3.6 Conclusions

In this chapter a SMURF method was presented for the correction of the mass-
loading effects of transducers based on two tests with two different masses of

accelerometer.

The method improves the quality of measured FRFs. However, there are some
pitfalls in the method when we use noisy data. In this case the correction should

be made with caution.
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* The cadibration of the test set up can be checked by the method suggested in this
chapter.

* The quality of the measurement relating to the mass-loading effect of the
accelerometer can be assessed by estimating the exact natural frequency of the
structure using the method presented in this chapter.

References
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Chapter 4

Correction of suspension effectsin modal testing

4.1 Introduction

In modal testing, test structures are usualy suspended using soft springs to
approximate free-free boundary conditions. Although sometimes the addition of
springs is presumed to be negligible, they introduce stiffness to the structure and can
change the structure’s natural frequencies and mode shapes. Moreover, for flexible
structures, the lowest elastic mode may be influenced by the rigid body modes of the

structure which no longer have zero natural frequencies.

Although the problem of the suspension effects on the test structure is a basic problem
in modal testing, there is no specific technique to quantify and to correct it. In this
chapter a method will be presented for the correction of the suspension effects of the

springs.
4.2 Theory

4.2.1 Modification of the structure by a suspension spring

For the simplest case, in laboratory-based modal analysis, the structure can be
suspended from one spring. The gravity load of the structure exerts a tension on the
spring and stretches it to a point where the gravity force is balanced by the reaction

force of the spring.

As is usually the case in modal testing, the system is presumed to be linear. The
linearity assumption is especially necessary for the suspension springs and throughout

this chapter the springs are presumed to move in the linear range.

Changes in the FRF of a system due to the addition of a spring can be computed using

direct substructuring technique SMURF as follows :
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Figure 4-1(a) indicates a structure which has been connected to the second system of a
spring. The connection is at point j and in vertical direction (2). The force excites the
structure at point i and the response is measured at point |. Figure 4-1(b) indicates the
free body diagram of the system.

The equations governing the coupled system are :

Z =a;F+a,R (4-1)
Z =a;F+a;R (4-2)
Zm = ammRn (4'3)
where:
_1 (4-4)
amm - kl

and the constraining equations are :
=2, (4-5)
R+R,=0 (4-6)

Elimination of the reaction forces and displacements at the connection point results
in:

a.q _ 4-7)
- o il - — () E
Z| (all anm +a“ )Fl all . Fl

in which a," is the coupled receptance function between points i and | when the
second system is a spring with the stiffness of k; and is connected to the original
system at point j. Inserting equation (4-4) into (4-7), the relation between a,'” and

original system receptancesis:
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Figure 4-1. Suspension of a structure using a spring and its free body diagram

) a.aq,

_ il
ali(]) =q, — 1 (4-8)

E”’jj

inwhich a,, a;, a;, a; are the exact receptances, namely for the system without

ji ?
the connected spring. Multiplying both sides by (-«?) and the numerator and
denominator of the fraction on the right hand side of equation (4-8) by (- «?), the
relation between accelerancesis:

Aji Aj

A=A - . (4-9)

K, + A

There are two special cases of the equation (4-9) which are needed for the calculations
of the next sections. For the driving point accelerance (i=I) of the excitation point,
equation (4-9) can be written as :

o (Ajl)2 (4-10)
A|( )= A _T
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and for the driving point accelerance of the response point (I=i), equation (4-9) can be

written as :

b (A)? (4-11)
AV = A =N
kl ii

It will be shown in the next chapters that the equations governing the case of springs
are similar to those of the stingers and inertia property of an attached object.

Therefore the results for the spring case can be applied for those cases as well.

4.2.2 Application of thetheory to the correction of FRFs

Correction of FRFs in the case of springs is different from that of accelerometers
because the point at which response is measured (1) differs from the point at which the
spring is attached (j). Moreover, practically, measurement or excitation at the point of

attachment of the spring is not always possible, in other words usually accelerances

such as A", A, are not available. The following method is the development of

the method expressed previously in chapter 3 to correct the mass-loading effects of

accelerometers.

Equation (4-9) shows how the measured accelerance A" is related to the correct
accelerances, A, A A, A, . Tofind the correct FRFs, measurement of A" can be

considered with three different springs of different stiffnesses (Figure 4-2).

Figure 4-2. Measurement using three different springs
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Where k,, k,, k; aredifferent in amount. The equations governing the systems are :

O
O A, A
Op () = A —_ i
DAI AI _ wZ
0 K, +AJ'J'
0
D_.(J) — _ A]'| A]" (4-12)
A = A -
O + A
B kz 1)
Op () = A ala
v AT
;oA
in which AY, A, A ae different in amount. The general form of the
equations (4-12) can be written as :
0 A
Ebl_y a+p
=y (4-13)
> e
0 A
> T p

inwhich ) , A, 5 areunknownvauesand a,, a,, &;, b, b,, b, are known values.

Equations (4-13) can be rewritten as :

Loy ~bf+yp-A=ah
[,y —bB+)B-A=ab,
By —bB+yB-A = ap,

(4-14)

Equations (4-14) are nonlinear equations. However, if the first equation is subtracted

from the second equation and the third equation, we have two linear equations

instead. Thus:
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Ha, —a)y-(b,—-b)B=ab —ab (4-15)
E(as-ai)y—(b3—bl)ﬁ=a3b3—a1bl

or in matrix form:

-3 b-bIyD b -ahp (4-16)
-2 b-bHpE ab-abp
Equation (4-16) can be solved for ) , f :
o %j—al b~ b, ‘lEazbz—aiblg (4-17)
B9 %,-a b-bH b -and
From equation (4-13), A can befound :
A=(y —b)(a +p) (4-18)
Using equations (4-17) and (4-18), equations (4-12) can be solved for A, A/A,
and A; .
1] Af') ()
o E—% (o0 A Aé.”% GG A )H (19
0 ) i_i =) Al(i” (1)
A %Lw(ks O A A..%E_wz( . _A )E
and:
AJ|Aji =(A - Ajj) (*+20)

Therefore using equations (4-19) and (4-20), the measured FRF is corrected and the
driving point FRF of the point of the attachment of the spring has been obtained.

However, one question remains and is whether other transfer FRFs like A; and A,

are obtainable using this method or not. If A" is measured twice with two different

springs k; and k,, from equation (4-10) the governing equations of the systems are:
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o (A )
D= A —

S'% A w2 n

S K, i

O~ (A)°

DA“( )= A - —

% K A

(4-21)

inwhich A ¢ is different from A;'” . There are only two unknown values and just

two measurements are needed because A is known from the last stage. In this case,

the general form of the equations are :

-
a
-

or, in matrix form:

from which one can computefor ) , A :

EVD Eﬂile
D"D %: Eﬁzbzm

From equation (4-24) one can compute A, and (A“)Z:

w2+A _1_D—a)2
n o B A
; :

AA)° k2 +A“. —1%

(4-22)

(4-23)

(4-24)

FA) A?”E (4-25)
0
+ A”)Kl(ll)g

Now if A is measured once, equation (4-11) is the governing equation. From the

last stages A

il l'
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(a )= BAY (@20
! (Aj|)2
So from equation (4-11), A, can be computed:
| (A)°
A =AY - _a)zJ (4-27)
A
1

Using this technique, the correct values of A,, A, and A  can be computed.
Although (A;)?, A/A; and (A,)? are known, the correct phases of A; and A,
are not available from these known values. However, the correct magnitudes of A,

and A, areobtainable. If A, or A, could be measured, the correct amount of

A; and A, would be obtainable.

4.2.3 Correction of FRFsfor two springs

Usualy in modal testing, test objects are suspended using at least two springs. The
effects of two springs on the test structure can be corrected using a step by step
correction. Figure 4-3 indicates a structure which is suspended by two springs. Table
4-1 shows a procedure for correction of the FRFs using four springs k;, k,, k;, Kk,
with different stiffnesses. The correction has been done in two steps. The first step is

the elimination of the effect of the spring k., and the second step is the elimination of
the effect of the spring, k;. Nine measurements are made to obtain the FRFs A, A,

A, - This is not the most efficient way to correct the FRFs but the purpose of this

section is to show the feasibility of the correction of the FRFs in a systematic step by
step procedure when the structure is suspended using two springs (this will be
discussed in detail in chapter 6 of this thesis). What is available through this
procedure is the exact measured FRF and two driving point FRFs for the point of the
attachment of the springs. None of the other transfer FRFs are available, as explained
in the last section.
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Figure 4-3. Suspension using two springs

Table 4-1. Correction of the effects of two suspension springs

80

k Kq measurements | computed terms from measur ements
K, K, ® Al

K, K, SN ® A ® A
a ke S

K, K, SYNE

K, K, Sy @ A @ AD
ke ke ® A9

K, K, ™ A9

K, K, NI, @ A0 @A
ks ke ©) A9

l l
computed correct A, A,
FRFs A,
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4.3 Demonstration and verification of the method

To demonstrate the validity of the method, a smulated test of a 3 degrees-of-freedom

system of masses, springs and dampersis considered (Figure 4-4).

Figure4-4. A simulated test of a 3 DOFs system

Spring k;is considered as the suspension spring. The rest of the system is considered
as the structure ( masses m,m,,m, , springs k,,k, and dampers c,,c,). The
suspension spring, k;, is attached to point 1. The system is excited at point 2 and the

response is measured at point 3. The specifications of the system are :
m=1kg, k, =2824.9 N/m,

m,=1.3Kkg, k,=7200N/m, ¢, =0.6 Ngm;

m,=2kg, k, =3500N/m, ¢, =0.4Ns/m;

In order to cancel the effect of the spring k,on the measured FRF this spring was
replaced with two other springs with different stiffnesses (3138.81 N/m, 3452.7 N/m )
and the simulated test was repeated. Figure 4-5 shows the coincidence of the
computed FRF and the exact FRF. It should be noted that noise has not been

considered in the computations.
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Figure 4-5. Correction of the suspension effect

4.3.1 Theeffect of therigid body modes on the measured FRFs

In conventional modal testing, test structures are suspended using soft springs to
prevent interference of the rigid body modes, which no longer have zero natural
frequencies, with the lowest elastic mode of the structure. Wolf[40] used a system of
2 DOFs of masses and springs to investigate the effect of the rigid body modes on the
measured FRFs. He suggested that the rule of thumb in simulating free-free boundary
conditions is to design the support system so that the rigid body modes are no more

than one-tenth of the frequency of the lowest elastic mode.

Figure 4-6 shows the effect of the rigid body modes on the measured FRFs of the
system shown in Figure 4-4 for different suspension springs (Kk,). Table 4-2 indicates
different stiffnesses for spring k,, the rigid body mode frequency for the
corresponding suspension stiffness and the corresponding ratio of the rigid body mode
natural frequency to that of the first elastic mode. Asis shown in Figure 4-6, the effect
of the rigid body mode is a peak to the left hand side of the measured FRF. As the
suspension stiffness increases, this peak moves to the right. For case 2, the elastic
modes do not change noticeably with respect to the free-free condition. For case 3, the
changes are considerable and for case 4, the difference between the measured FRF

and the exact FRF is excessive. For the case specified in Table 4-2, the limit of 10%
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for the ratio of the natural frequency of the rigid body mode to that of the first elastic

mode is a reasonable value for the design of the suspension stiffness, as suggested by

Wolf [40].

Table 4-2. Specifications of different suspensions

Case | Suspension stiffness | Rigid body mode [ % of NF of the first
(k) (N/m) NF (Hz) elastic mode (8.6 Hz)
1 0 0 0%
2 125.55 0.86 10 %
3 501.21 172 20%
4 3138.81 4.3 50 %

( NF= Natural Frequency )

=

Adcelernics (L re | me" -2

Fresuiesy | Hz

Figure 4-6. The effect of different suspension springs on the measured FRFs

4.3.2 The effect of noise on the computed FRF

In the method presented for the correction of suspension effects, computations are

vulnerable to noisy FRFs. In this case, the selection of suitable values for the stiffness
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of the suspension system is vital to reduce the effect of noise. Table 4-3 shows three
different set of springs for the correction of noisy FRFs of the system shown in Figure
4-4. The ratio of the natural frequency of the rigid body mode to that of the first
elastic mode for the first set is about 10 %, for the second set is about 20 % and for
the third set is about 50 %. The FRFs of the system were polluted by adding random

noise using the following relation:

-

A, =[1+ax(2x RAN - 1)] x A (29

where Ai is the noisy accelerance, @ is the percentage of noise, RAN is a random

value between 0 and 1 and A, is the accelerance without noise. The percentage of

noise in this example is 10%.

Table 4-3. Different ranges of stiffness for correction of FRFs

Set 1 Set 2 Set 3
RGF RGF RGF
20 (10 % = =(20% ——— =(50%
FEF ~ 10%) FEF (20%) FEF (0 %)
113 451.089 2824.9
125.55 501.21 3138.81
138.1 551.3 3452.7

(RGF istheratio of the natural frequency of the rigid body mode to that of the first elastic mode)
FEF

Figures 4-7, 4-8 and 4-9 show the results of the correction for the first set, second and
third set of the springs, shown in Table 4-3, respectively. The result of the correction
for the first set (Figure 4-7) is less noisy than the results of the other sets (Figures 4-8
and 4-9). For the third set of springs the result is dominated by noise. Moreover, these
figures show that the effect of the rigid body modes is cancelled by the correction

procedure.

In equation (4-19) when springs k;, k, and k, are very stiff then the dynamic
behaviour of the structure is dominated by the dynamics of the springs. So the
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dynamics of the structure can hardly be monitored by the correction methods in the

presence of noise. On the other hand, if springs k;, k, and k, are very soft, the order

of the changes in the FRFs of the structure will be close to the order of noise. In this

case hothing can be monitored but noise.

Therefore, in order to apply the correction method presented in this chapter, suitable
additive springs should be selected. If the order of changes of the measured FRFs is
the same as the order of noise present in the experiment then nothing can be detected
but the noisy results. On the other hand the additive springs should not make big
changes in the measured FRFs. Based on the experience of this section, it is
recommended that for a free-free structure, the additive springs are chosen in such a
way that the ratio of the natural frequency of the rigid body mode to that of the first
elastic mode of the structure is about 10% to 20%.

Although the method presented in this chapter has been presented to cancel the effect
of a suspension spring on a free-free structure, it can be used to cancel the effect of
springs on the structures with other boundary conditions. In the next section an
application of the correction method presented in this chapter will be demonstrated

for the case of a cantilever beam.

=T
ol ]}

Accelerance (dB re | me

Frequemey {He)

Figure 4-7. Correction of FRFs ( Set 1)
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Figure 4-9. Correction of FRFs ( Set 3)
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4.3.3 Demonstration of the correction method

A cantilever (clamped-free) beam was used for demonstrating the correction method
presented in this chapter in an actual test. The beam was made of steel and had
dimensions 0.95x 0.024 x 45cm. Figure 4-10 shows the experimental set up for the
hammer test of the beam. The beam was clamped from one side using a massive
fixture and was suspended from its middle point so that it remained straight. The
beam was excited at its free end (point 3 in Figure 4-10) and the response was

measured at the same point.

Spring

Fixed base (E:U
3
E E
z

: Y Charge Amplifiers
x

Accelerometer

Figure 4-10. Experimental set-up for hammer testing of a cantilever beam

Addition of the suspension spring to the beam has three benefits. First, as the beam is
a long beam, in the sense that the length of the beam is much longer than its width
and thickness, due to its weight, the beam cannot remain straight without using a
suspension spring. Second, because of the flexibility of the beam, the input force is
low. The low-input force reduces the level of signal-to-noise ratio and as a result the
measured FRFs are noisy. Addition of a spring makes the beam more stiff which
allows us to obtain less noisy FRFs. Third, due to the large deflections, the beam may
exhibit nonlinear behaviour. Addition of the spring reduces the amplitude of the

vibration and this linearises the dynamic behaviour of the system (The effect of
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nonlinearity on the correction methods of mechanical devicesis the subject of chapter
7 of thisthesis).

Three tests using three helical springs were conducted. The stiffness of springs were
estimated experimentally to be 3000 N/m, 6000 N/m and 8700 N/m. Figure 4-11
shows the results of the measurements for the third mode of the beam. The additive
springs make reasonable changes in the measured FRF. As the stiffness of the
suspension spring increases, the natural frequency of the system shifts to the higher

frequencies.

As noise pollutes the result of the computations, the three measured FRFs were
regenerated using ICATS program. The result of the regeneration was carefully
controlled to match the raw data. Using the method suggested in this chapter for the
correction of suspension effects, the FRFs were corrected. Figures 4-12 and 4-13

show the computed FRFs. An interesting point is that the driving-point FRF ( A,,)

was obtai ned without measurement.

Figure 4-11. The effect of addition of a spring to the cantilever beam

(AS = Additive Stiffness)
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Figure 4-13. Computed FRF A,,
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In the next stage we moved the accelerometer to point 2 (see Figure 4-10) and
measured A? using the spring with the stiffness of 6000 N/m, the exact FRF A,

was computed from:
A,
@ = —3&)2 (4-29)
A, - ?

As A,, was computed already, A,; could be obtained using only one measurement.
One way of assessing the success of the method is to conduct an internal check of the
computed FRFs using their moda constants. In principle, the following equation
should hold between the modal constants of the measured FRFs of the beam:

(AR

3A33 A
37122

(4-30)

where (A isthe modal constant for mode r and coordinates j and k. On this basis

the required FRFs for equation (4-30) were regenerated and their modal constants
derived using the ICATS program. The modal constant for A,, was obtained 62.78,
for A,was obtained 23.33 and for A,, was obtained 37.15. The result of the
calculation for the right hand side of equation (4-30) is 59.16 which is close to 62.78
for the left hand side. The result of this experiment show that the two sides of
equation (4-30) above are close together, demonstrating that the method is valid and
applicable.

4.4 Assessment of the quality of the measurement of a freefree

structure

In conventional modal testing, test structures are usually suspended using soft springs
to approximate free-free boundary conditions and, as a result, the effects of these
mechanical devices on the measured FRFs are considered negligible. In this section a
method will be suggested for assessing the quality of the measurements related to the
suspension effects. Here the emphasis is to use the theory presented earlier in this

chapter for the correction of suspension effects on the measured FRFs.
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4.4.1 Assessment of the quality of measurement based on the

changesin the natural frequencies of the structure

As shown in section 4.2.2 when the structure is suspended from a point, the effect of
the suspension spring on the measured FRFs can be corrected using equation (4-19).

In this case the frequencies that make the determinant of the matrix:

) 1 1 n =4
TG ) A Al D
0 Coq - (4-31)
D_wz(i _i) AW~ 0
H ke k7 g

equal to zero are the exact natural frequencies of the structure. A comparison between
the natural frequencies of the modified structure and the exact natural frequencies of
the structure can show us the quality of the measurement. However, measurement of
the structure three times using a different suspension spring in each test is a time-
consuming process. In this case the following approximate method is suggested to
reduce the number of required measurements for assessing the quality of the

measurement:

In equation (4-8), the frequencies that make the denominator, 1/k, +a ., equal to zero

i ?
give us the natural frequencies of the modified structure. This means that the natural

frequencies of the modified structure are at the frequencies where:

1
a;(w)

= -k, (4-32)

Figure 4-14 shows a typical linear graph of the inverse of the driving point receptance
(‘or the dynamic stiffness) of a point on a beam in the region of one of the modes of
the beam. At 871.6 Hz the dynamic stiffness of the beam is equal to zero which is the
natural frequency of the beam. In the frequency range of 871.6-1600 Hz the dynamic
stiffness of the beam is negative. Therefore, when a spring is attached to the beam at

this point, according to equation (4-32), the new natural frequency of the modified
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beam is a frequency point in the range of 871.6-1600 Hz where the magnitude of the

dynamic stiffness of the beam is equal to the stiffness of the suspension spring.

Figure 4-14. The linear graph of the inverse of the receptance around one of the

natural frequencies of a beam

Figure 4-15 shows the change in the natural frequency of a structure when the

structure is modified by a suspension spring with the stiffness of k; . In this case the
natural frequency of the structure shifts from f, to f,. If the structure is suspended
using another spring with the stiffness of k,, where k, =2k, , the resonance of the

structure shiftsto f,.

From the geometry of triangle ABD we have:

BC AF _AE _ “33)
CD DF BE
or.
BC=CD (4-34)
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We have:
BC=f,-f, (4-35)

As we get closer to the natural frequency of the structure, the behaviour of the
dynamic stiffness of the beam becomes more linear. This meansthat if the structureis
suspended using very soft spring, point D (in figure 4-15) become closer to the natural

frequency of the structure, f,, and from relation (4-34) we have:
f,-f,=f —f, (4-36)

However, as the stiffness of the suspension spring increases two sides of equation (4-

36) differ more. This can be seen from Figure 4-15.

1/ Receptance (N/m)

Frequency (Hz)

Figure 4-15. Estimation of the changes in the natural frequency of a suspended

structure

This means if by doubling the stiffness of the suspension spring the natural frequency
of the modified structure does not change discernibly, two sides of equation 4-36 are
almost the same and the difference between f, and f, can monitor the quality of the
measurement. Conversely, when by doubling the stiffness of the suspension spring the
natural frequency of the structure has a discernible change, two sides of equation (4-

36) are not the same but we can conclude that f, and f, differ considerably as well.
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Therefore we can assess the quality of the measurement by doubling the stiffness of

the suspension spring

4.4.2 Numerical example

The theoretical model of a beam was considered for the numerical validation of the
method presented in the last section. The theoretical model of the beam was built by
coupling of four free-free beam elements (Chapter 3). The beam was made of steel
and had dimensions of 2x0.6x44cm . A suspension spring was attached to the
middle of the beam by addition of a stiffness to the impedance matrix of the
theoretical model of the beam (Figure 4-16). In the simulated test, the beam was

excited at point 2 and the response was measured at point 4.

Suspension spring

Response

Figure 4-16. Assessment of the suspension effect by doubling the sttiffness of the
spring

Table 4-4 shows the application of the method presented in the previous section for

different suspension springs. As was proven when f,-f, is small, it is equa to

f, - f,. However, as the stiffness of the suspension spring increases f,-f, and
f, - f, differ more. It can be concluded that for the first suspension spring (K=1000
N/m) f, - f,is negligible and the quality of the measurement is acceptable but for the

second and third suspension springs (K= 10000 and 20000 N/m) f,-f, and f, - f,
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are not negligible and the quality of the measurement is not good. Therefore, f, - f,

can monitor the quality of the measurement.

Table 4-4. Assessment of the suspension effect on the quality of the measurement

K (N/m) f, (H2) f,(Hz) f, - f, (H2) f,—f, (H2)
1000 873.11 874.62 151 151

10000 886.65 903.77 17.09 15.08
20000 903.77 941.9 38.13 32.17

f, = Natural frequency of the structure (871.6 Hz)
f ;1 = Natural frequency of the structure and a suspension spring with the stiffness of K
f2 = Natural frequency of the structure and a suspension spring with the stiffness of 2K

K = Stiffness of the suspension spring

4.4.3 Experimental case study

Figure 3-20 shows an experimental set up of shaker testing of a beam which was used
in chapter 3 for assessing of the mass-loading effect of an accelerometer. This way of
suspending the test structure for shaker testing is quite popular. The beam was
suspended using an elastic cord with the stiffness of 220 N/m and zero-load length of
10 cm. Although the elastic cord is used to offset the vertical load caused by the
weight of the beam, it exhibits a stiffness effect as well when the tip of the beam is
moved laterally. The equivalent lateral stiffness can be calculated in terms of the axial

stiffness of the elastic cord if we assume:

1. Thetip of the beam experiences only horizontal motion;
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2. The dastic cord has no mass and remains in a straight line connecting the cord

clamp and the tip of the beam;

3. The deflections of the tip of the beam are small enough such that the additional

elongation does not significantly change the tension of the elastic cord; and
4. The elastic cord behaves as alinear spring.
Asshown in [42], the equivalent lateral stiffness can be calculated from:

W, W,
Ky ST = 4-37
Tk, T, s

where k, isthe elastic cord lateral stiffness, k, is the elastic cord axia stiffness,

W\ isthe weight of the structure, |, is the zero-load elastic cord length and |, is the

elastic cord length under load. Therefore in this way of suspending the structure not
only the axial stiffness of the suspension spring is important but its length is also

important. The axial stiffness of an elastic cord can be computed from:

(4-38)
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where E. is the €lastic modulus of the €astic cord and A, is the cross sectional area

of the elastic cord. Equation (4-38) shows that if we divide the zero-load length of the
elastic cord in two, its axial stiffness becomes twice. Moreover, equation (4-37)
shows that in the latter case the latera stiffness of the elastic cord becomes twice as
well because the zero-load length is half and the axia stiffnessis twice. This suggests
that in order to check the quality of the measurement related to suspension effects we
have to remeasure the test structure using another suspension spring with the same
parameters but half the length of the origina suspension spring (Figure 4-17). This
was done for the test case shown in Figure 3-20 and no discernible change was
detected for the first four natural frequencies of the beam ( 167 Hz, 445 Hz, 880 Hz,
1445 Hz). The lateral stiffness of the elastic cord was calculated to be 59 N/m which
is quite small. Therefore it was concluded that the measured FRF has a good quality

with respect to the suspension effects.

2772

Flastic cord
with the length

of 2l FElastic cord
/ with the length
of 1

rY
*

Beam Beam

Figure4-17. Assessment of the lateral stiffness of an elastic cord
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4.4.4 Recommended test strategy

Clearly a softer suspension spring has less effect on the measurement. However, the
suspension spring should be stiff enough to stand the gravity load of the test structure.
After choosing a suitable suspension spring, the following procedure is suggested for

dealing with the suspension effect in the test:
1- Suspend the structure with the chosen spring and measure an FRF.

2- Suspend the structure with another spring with twice the stiffness of the first

spring and measure the same FRF.

3- If the difference between the natural frequencies of two measured FRFs in steps 1
and 2 are very small for a mode of the structure, the change of the natural
frequency of the structure due to the suspension effect is negligible and the quality
of the measurement is acceptable; if the difference is large the measured FRF is

not acceptable.

When the quality of the measurement relating to the suspension effects is not

acceptable two ways can be followed to improve the quality of the measurement:

1- Suspend the structure from another point of the structure. For a particular mode, if
the structure is suspended from the nodal point of the structure, the effect of the
spring on the test structure is eliminated in that mode.

2- Use the correction method presented in this chapter.

45 Conclusions

* In this chapter we have presented a method for the correction of the suspension
effects on test structures. It has been shown that if three different modal tests are
performed using a different suspension spring in each test, the FRFs can be

corrected.
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» Application of the method to a numerical example of a 3 DOFs system which is
affected by suspension spring has also been examined. Moreover, the method was

successfully applied to experimental data from testing a cantilever beam.

* The method has been developed for the case where the test structure is suspended
with two springs. It has been shown that the measured FRFs can be corrected in a

step by step procedure.

» The effects of the rigid body modes on the measured FRFs have been examined

and it is shown that they are cancelled through the correction process.

* The method is vulnerable to noise and it is necessary that suitable springs are

chosen to reduce the effect of the noise.

e The quality of the measurement of a free-free structure can be assessed by
doubling the suspension stiffness and comparing the natural frequencies of the
modified structure in each test. The method was applied to experimental datafrom

testing on a beam which was suspended vertically using an elastic cord.
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Chapter 5

The effects of stingerson measured FRFs

5.1 Introduction

When using a shaker to excite a structure and to measure Frequency Response
Functions, it is customary to put a stinger ( push rod or drive-rod ) between the shaker
and the force transducer which is attached to the test structure ( Figure 5-1) . Ideally,
the stinger should have high axial stiffness but low lateral or bending stiffness so asto
excite the structure axially and to minimise excitations in al the other DOFs.
However, forces and moments other than the axial excitation force component may
also be introduced and act on the test structure and influence the force and/or response
measurements. This will cause a systematic error in the measurement. There are
relatively few publications which quantify the effects of stingers on the measured

FRFs and the selection of stingersis usually made by trial and error or by experience.

In this chapter the effects of stingers on the measured FRFs will be investigated. The
SMURF method is used to calculate the major influence of the stinger and the test

structure on the measured results.

Stinger

o

Force Transducer

n Structure

Shaker

Figure 5-1. Shaker-structure Interaction
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5.2 Theory

5.2.1 Modification of thetest structureby stingers

Figure 5-2 (a) shows a structure which is excited by a shaker through a stinger. The
excitation isin DOF i, which is in the axial x direction. The response is measured by
an accelerometer at DOF | which is aso in the x direction. However, the stinger
excites the structure to respond not only in the axial direction but aso in the rotational

direction, 6,. In Figure 5-2(a) the degree of freedom of axial excitation (x direction)
has been shown by i and the rotational degree of freedom in 6, direction by j. Figure

5-2(b) indicates the free-body diagram of the shaker-stinger-structure system. Except
for the axial DOF (i), the shaker-stinger system is clamped rigidly to the structure at

point P in DOF j and introduces a dynamic rotational stiffness on the structure.

Shaker
suspension

Shaker

Structure
suspension

Accelerometer

: DG
®m © J

(®)

Figure 5-2. Dynamic model of the shaker-stinger-structure system

The specia cases of the changes in the measured FRFs due to the attachment of the
transducers and springs were investigated in chapters 3, 4. Comparing the results and
the procedures it can be seen that the forms of the derived equations ( equations (3-9)

and (4-9)) are similar. Moreover, the procedure to analyse the problem is the same in
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these cases. It seems that the same method can be used to analyse the general case in
which the test structure is modified in more than one DOF ( rotational or trandational
). Appendix A of this thesis investigates the general case of the changes in measured
FRFs due to attachment of mechanical devices to the test structure. As shown at
appendix A for the case of the stingers that the structure is modified in one DOF the
relation between receptancesis:

a;ay (5-1)

() = py il
ali - al' +
a; + 0

Consequently, the relation between the accelerancesis:

Aji Au (52

A=A Y.

in which j and m are rotational DOFs while i and | are trandationa DOFs. A" is

the measured FRF when the stinger is rigidly connected to the test structure at
rotational DOF j. A, istherotational receptance of thetip of the stinger at point P in

Figure 5-2.

What we want to measure is A, , but what we get is a combination of A, and the other
FRFs. If the shaker is connected directly to the structure (without a stinger), A, IS

close to zero and we measure :

. A A (5-3)
(= p 1
AY=A T,
In this case the structure is coupled rigidly to the shaker at DOF j and the result is

seriously contaminated.

In equation (5-2) when A, is large, the amount of the fraction on the right hand side
is small and consequently the measured FRF iscloseto A, . Conversely, when A . is

small, the amount of error is large. In other words, when the stinger is dynamically

stiff at any area of the frequency range, the measured results are more vulnerable to
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error in that area. Hence, this suggests that the antiresonances of the rotational
driving point receptance of the tip of the stinger are responsible for the maximum
error in measured FRFs. This question remains as to how we can deal with these
undesirable effects and thiswill be discussed below.

5.2.2 Feasbility of correction of the stinger effects

Correction of FRFs for the case of stingersis similar to the case of springs discussed
in chapter 4 because the form of the governing equation is the same for both cases
(Equations (4-9) and (5-2)). Equation (5-2) shows how the measured translational
FRF, A", isrelated to the exact FRFs, A;, A;, A; and A,. To find the exact

jii 2
FRF, measurement of A, can be considered with three different stingers with

different lengths (Figure 5-3). So there are three equations in the form of equation (5-
2) corresponding to three different stingers.

SAE” - -

O A+ AL

G &4
O Aj * Amm

DZ(.” — A“ _ Aji’ij

5 Ajj + Amm
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inwhich A, A, and imm are rotational FRFs of the stingers at point P. If A,

Am and jmm are known, the correct values of A, and A; can be computed. The

solution of the general form of these equations can be found in chapter 4. For the case

of equations (5-4), the solutions are :

OAD_ HAm = A, AP - _:: ﬁéijjémm AV ALE 55)

DAJJ D mm — A\nm A(J) EA“ A = A|(]) Arm)a

Thus, the correct FRF, A,, and the rotational driving point FRF at the point of

attachment of the stinger, A , have been computed with respect to measured FRFs

i
and A..’s, namely the rotational point accelerances at giot the stingers (Figure

5-2(b)). However, measurement & is not as straightforward as measuring the

mass of the accelerometer in the mass cancellation procedure. Measurement of the

rotations of such a small elements as stingers is not an easy task . Theoretical results
to compute A, is not exact as well because the shaker-stinger assembly is a

complicated structure some part of which (the coil) is moving in a magnetic field and
any simplification in the theoretical model will lead to inaccurate results from the

correction methods. Thus the correction method for the case of stingers is ineffective.

5.3 Theeffectsof stingerson measured FRFs

In the previous section, it was explained that the correction of the rotational stiffness
effect of stingers on the measured FRFs is an impractical task because measurement
or exact simulation of the behaviour of stingers is impractical. However, the
behaviour of stingers can be simulated approximately using simplified models of
shaker-stinger assembly. On this basis stingers can be designed in a way that their
effect on the measured FRFs is minimised. In this section practical ways to avoid the

effects of stingers on the measured FRFs will be investigated.
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5.3.1 Shaker-stinger-structure model

As was explained in chapter 2 different models were suggested in the past for the
shaker-stinger-structure assembly ( Figures 2-1 and 2-2 ) by different authors [17],
[18], [19]. However, the dynamic characteristics of the test structure were not
included in these models and it was simply assumed that the structure-side boundary
condition of the stinger was pinned or clamped. Figure 5-4 indicates a more complete
model of the shaker-stinger-structure system in which the test structure is considered
as arigid structure that moves in the transverse direction (relative to the excitation
direction) . The stinger is modelled as a simple straight beam and the mass and
suspension properties of the structure are coupled to the stinger in the transverse
direction to illustrate the effect of the boundary conditions of the stinger on the
structure side. This assumption for the transverse motion of the structure as a rigid

body does not contradict with the axial vibration of the structure as a elastic body.

% ksh kst%

Mgy, 1
Shaker sh+'sh YW Structure
Side 0 Stinger st| Side
( kr
sh

Figur e 5-4. Shaker-stinger-structure model

The theoretical model of the shaker-stinger-structure system shown in Figure 5-4 is
built on the concept of the coupling method. The shaker is modelled as a member
with both a specified point mass and a point rotational inertia and the suspension of
the shaker is modelled as a tranglational stiffness and a rotational stiffness. In redlity,
the stinger is coupled with the coil of the shaker which is moving in the magnetic
field of the drive part of the shaker. However, this cannot be modelled by mechanical
elements. The shaker can be modelled as shown in Figure 5-5. Because the coil has a

dlight axial motion, the rotational inertia properties of the shaker do not change
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considerably. Hence, the shaker can be modelled as a lumped mass with rotational

inertiaasis shown in Figure 5-4.

Shaker
~~

]

O O Stinger

7/§y

\
—‘ Coil

> e

Figure5-5. A model of the shaker

The separate stinger was assumed to be a free-free beam of constant cross-section
which is modelled using the receptance function of a free-free beam introduced in

[96]. The receptance matrix of the stinger (see Figure 5-6) is:

Jsnlsn a%wrm a%ﬂa a%qra O

[a] _ fsnOsn arShrSh afshQa arshra ] (5'6)
w‘]s‘]sﬁ aQerSw aquS aqsxrsx 0
0 U

Q
Q

g"’sqgw Tafsn IELE arsra D
in which g ,q, and rq,rq are the vertical and rotational displacements of two sides

of the stinger.

7
St

Shaker 4 Sh Structure

Side

Side St St)
q

T
Sh St

Figure 5-6. Modelling of astinger as afree-free beam

The elements of [a] can be computed with respect to the beam properties as given in
[96]. To complete the model of the shaker-stinger-structure system, the dynamic
characteristics of the shaker and those of the structure should be added to the stinger

asitstwo ends.

The mass of the shaker and the linear stiffness of the shaker suspension are added to

the stinger as:

D™ (ds,9«) = D(dg,,9s,) — mshc’-’2 +Kq, (5-7)
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The rotary moment of inertia of the shaker and the rotational stiffness of the shaker

suspension are added to the stinger as :

D™ (rg,,fq,) = D(fg Fg) = | @ +Kr, (5-8)

Moreover, the mass and suspension stiffness of the structure are added to the structure

side of the stinger as:

D™ (05.95) = D(dg.dg) — nsz +Ky (59

Thus the modified receptance matrix of the stinger is:

[a]™ = (D]™)™ (5-10)

5.3.2 Comparison of different models of the stinger

The model shown in Figure 5-4 is not a simple model of the stinger and it has some of
the parameters involved in the real test ( this model is called real model from now on
). However, for smplification purposes it is valuable to compare this model with the

simpler models of stingers such as the ones shown in Figure 5-7.

(a) Free—Free

eA
(b) Clamped—Free
/ A
(c) Clamped—Pinned
2 A
j A

Figure 5-7. Three simple models for a stinger
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To compare these models with the “real model’, a numerical simulation was

considered. The parameters of the shaker, stinger and the structure are :

Shaker : Mass : 8.8y; Rotary moment of inertia : 0.029&) / n¥, Suspensionky, =
1400N/m, kry,= 0.469N-m/rad.

Stinger : Diameter : 8B, Length : 10Gnm, Material : steel

Structure : a beam with the mass of =2.469kg and the suspension stiffness of

k, =850N/m.

Table 5-1 shows a comparison of the natural frequencies and antiresonance
frequencies of the receptance function of poioft the model of the stinger shown in
Figure 5-4 with those of the three simple models shown in Figure 5-7. The
measurement points are specifiedAas Figure 5-7. In this case, the resonances and
antiresonances of the real model coincide with those of the clamped-pinned model.

This means the stinger can be modelled using a clamped-pinned model.

Table 5-1. Comparison of different models of the stinger

Model of the beam Natural Frequencies/ Antiresonances (Hz)

AR of the RM of beam 934 2574.9] 5047.7 8344.2

AR of the CP beam 934 2574.9 5047.7 8344.2

NF of the FF beam 934 25749 5047.7 8344.2

NF of the CF beam 146.8| 934 2574.9  5047.1 8344.2
NF of the RM of beam 643.7 2086 4352.4 7442.8

NF of the CP beam 643.7 2086 4352.4 7442 .8

AR= AntiResonance, RM= Real Model, CP= Clamped-Pinned, NF= Natural Frequency,
FF=Free-Free, CF= Clamped-Free.
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Some researchers advise that to minimise the effect of stinger on the measured FRFs

the resonance frequencies of the stinger should lie below or above the frequency range

of measurement [17], [18], [19], [20], while others claim that this is the antiresonance

of the stinger that is responsible for the maximum error [21]. It was shown in section

9-2 that in coupling the shaker-stinger assembly with the structure, it is the
antiresonance of the stinger’'s angular driving point receptance which is responsible
for the maximum error. However, as can be seen in Table 5-1, the antiresonances of
the clamped-pinned stinger coincide with the natural frequencies of the free-free
stinger and the natural frequencies of the clamped-free stinger (except for the first

resonance). This coincidence can be proven as follows:

In Table 7.1 c) of [96] entries 1 and 3 it is shown that the rotational point receptance
of the tip of a beam for the free-free and clamped-free boundary conditions
respectively areF, /(EIAF;) and F,/(EIAF;), in which A is a function of frequency,
cross section area of the beam, mass density and flexural rigidity of the BgaRy.
andF, are functions ofA and the length of the beark, is in the denominator of the
free-free condition and in the numerator of the clamped-pinned condition. It means
that when the receptance of the clamped-pinned beam is zero ( or in anti-resonance ),
the receptance of the free-free bearwig or in resonance ). Moreover, As shown in
[97] in Table 8-1, the natural frequencies of the free-free beam, clamped-clamped
beam and clamped-free beam ( except for the first one ) are the same. It is a
considerable result when we remember that most programs today are calculating

natural frequencies and not antiresonances.

Table 5-2 indicates the antiresonances of the clamped-pinned stingers with different
diameters and lengths. These are the lengths and diameters which usually are used in
modal testing. The material of the stinger is steel. When using these stingers, the
measurement may be affected around antiresonances of the stinger. The regions

between these antiresonances are safe regions for the measurement.
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Table 5-2. Antiresonances of the steel stingers for different length and diameter

Length (mm)
Diameter(mm) 1 | S0 70 100 150
0.5 930 |464,1293 | 231,633,1246 | 100,281,552,914,1366,
1909
1 1849 | 944 462, 1276 208,564,1110,1830

15 |- 1418 697,1918 311,854,1668

2 | - 1899 934 422,1140

72T [FUUU [ — 1176 532,1431

3 | e 1427 643,1728

Antiresonances are in Hz

In the previous example, the natural frequencies and the antiresonances of the real
model coincided with the clamped-pinned model. However, this coincidence may not
hold for other cases. To investigate the degree of coincidence of the clamped-pinned
model with the real model another case is considered in which the shaker and the
structure are small while the stinger is stiff. Therefore, in this case the boundaries of
the stinger are not as rigid as in the previous case. The parameters of the shaker and

those of the stinger and structure are :

Shaker : Mass: 2 kg; Rotary moment of inertia: 0.01 kg / nt ; Suspension: kg, =400
N/m; kry,= 0.09 N-nvrad.

Stinger : Diameter : 5 mm; Length : 10 mm, Material : steel

Structure : A beam with the mass of m, =0.0156 kg and the suspension stiffness of
k, =200 N/m.
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Figure 5-8 shows the comparison of the real model with the clamped-pinned and
clamped-free models. In this case, the structure and shaker are not so massive while
the stinger is not flexible but the real model is still close to the clamped-pinned
model. It should be mentioned that the real model show the effect of the rigid body
modes of the shaker-stinger-structure system in the frequency range of 0-500 Hz
while the clamped-pinned model does not show this.

Feal model (Saluli
i | argped-prinmed (Dackhed)
i Clamged-fires { Dnshidod )

Receptaee (<IB e 1 flTdimd

Frequency (Hz)

Figure 5-8. Measurement of a small structure using a small shaker and a stiff stinger

5.3.3 Theeffectsof the stinger on therigid body modes

The rigid body modes of the shaker-stinger-structure system have considerable effects

on the measured FRFs in the low frequency range. By “low frequency range” we
mean the frequency range in which the minimum frequency is zero and the maximum
frequency is the first elastic mode of the shaker-stinger-structure system shown in
Figure 5-4. The additional stiffness of the stinger (rotational and transverse) an raise
the rigid body modes of the shaker and those of the structure in the low frequency
range ( like the effect of the suspension springs on the rigid body modes of a test

structure). Figure 5-9 indicates the effects of different stingers on the rigid body

111



Chapter 5 The effects of stingerson measured FRFs 112

modes of the shaker-stinger-structure system. The parameters of the system used in

this example are:

Shaker : Mass : 8.3 kg, Rotary moment of inertia: 0.0256 kg /n, Suspension: kg, =
1400 N/m, kry,= 0.469 N-m/rad.

Structure : is a beam with the mass of m, =2.469 kg and its suspension stiffness is

k, =850 N/m.

Three different stingers were considered from steel:
Stinger 1 : Diameter : 2 mm ; Length : 100 mm.
Stinger 2 : Diameter : 0.5 mm; Length : 200 mm.
Stinger 3 : Diameter : 2 mm ; Length : 50 mm.

Three resonances and three antiresonances are found in the angular receptance of the
tip of the stinger (Point P in Figure 5-2) in the frequency range of 0 to 20 Hz for
stinger 1. As was explained in section 5.2.1, the antiresonances of the stinger are
responsible for the maximum error in the measured FRFs. For a shorter stinger with
the same diameter (stinger 3), the antiresonances and resonances shift to the higher
frequencies. This means that a shorter stinger raises the rigid body mode frequencies
in the low frequency range. For stinger 2, which is thinner than stinger 1 but with the
same length, the rigid body mode frequencies shift to the lower frequencies.
Comparing these three stingers, stinger 2 has less effect on the rigid body modes in
the low frequency range. Therefore, in order to measure the test structure at lower

frequencies the stinger should be thinner and longer or, in other words, more flexible.

In design of stingers we usualy ignore the results of the measurement in the
frequency range from zero to the last antiresonance in the low frequency range.
Therefore what is important in the low frequency range is the last antiresonance of the
shaker-stinger-structure system. For the above-mentioned example, computations
show that by changing the parameters of the shaker and the suspension stiffness of the

structure, the location of the last antiresonance in the low frequency range does not
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change considerably. In other words the important parameters in the design of stingers
in the low frequency range are the parameters of the stinger and the mass of the

structure.

Beceptance (i re | rad ™m|

Frequency {Hax)

Figure 5-9. The effect of the stingers on the rigid body modes in the low frequency

range

5.3.4 The effects of theflexibility of stinger on the measured FRFs

The rigid body modes of the shaker-stinger-structure system affect the measured FRFs
in the low frequency range. A common problem that is encountered in the higher
frequency region is the flexibility of the stinger. As was explained in section 5.2.1, at
antiresonances of the rotational point receptance function of the tip of the stinger, the
stinger is dynamically stiff and the measured FRFs will be more erroneous at these
frequencies compared with other frequencies. Figure 5-10 indicates the rotational
receptance of stingers for different diameters and different lengths. The parameters of
the stingers are given in Table 5-3. The parameters of the shaker and those of the

structure are::

Shaker : Mass : 8.3 kg, Rotary moment of inertia : 0.0256 kg/n?, Suspension:
K, = 1400 N/m, kry,= 0.469 N-mvrad.
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Structure : a beam with the mass of m,=2.469 kg and its suspension stiffness is

k, =850 N/m,

Figure 5-10 (&) shows that by decreasing the diameter of the stinger, while its length
is constant, the level of the receptance of the stinger shifts up while the resonances
and antiresonances shift to the lower frequencies. On the other hand, by decreasing
the length of the stinger, while its diameter is constant, the receptance of the stinger
shifts slowly down to the lower levels and the resonances and antiresonances shift to
the higher frequencies (Figure 5-10 (b)). Therefore, with the same diameter, a shorter
stinger is safer in the areas that a long stinger is not. However, the problem with a
shorter stinger is that in the low frequency range the effects of the rigid body modes
of the shaker-stinger-structure system appear at higher frequencies than those of a
longer stinger. This can be seen from the changes in the low frequency range of the
stingers shown in Figure 5-9. Therefore, by using a shorter stinger we increase the
allowable maximum and minimum frequencies at the same time. As aresult, the best
way to design a stinger is to determine the minimum diameter of the stinger and then

to determine its length based on the minimum and maximum desired frequencies.

E 1]

Receptomee (085 re 1 rod Hm)

Frequency (Fz)
ihi

Recepiame B re 1 el T |

Frequency (Fz)

Figure 5-10. Angular receptance of different stingers
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Table 5-3. The parameters of different stingers

Stinger No.l |[No.2 |No3 |No4d4 |[No5 |No6 |No7

Diameter (mm) 2.5 1 0.6 1 1 1 1

Length (mm) 100 | 100 | 100 | 120 | 60 | 61 30

5.35 The effect of the shaker-stinger-structure system on the
measured FRFs

In section 5-2 it was shown that the effect of the stinger on the measured FRFs can be
computed from equation (5-2). Moreover, using the model shown in Figure 5-4, it

was shown that how the rotational FRF of the tip of the beam ( A,,, in equation (5-

2) ) varies and where are the most erroneous areas in the frequency range of a stinger.
In this section the effects of the shaker-stinger-structure system on the measured FRFs
of abeam as atest structure are investigated. Here, the effect of the structure as arigid
body on the boundary conditions of the stinger in the transverse direction should not
be confused with the measurement of the elastic behaviour of the structure in the axial

direction.

As a test structure, a theoretical model of a beam is built using the concept of
coupling of the free-free beam elements. The procedure of building a model of the
beam by coupling the beam elements is explained in Chapter 3. The model of the
beam was built by coupling 10 beam elements and was used in a numerical simulation
to illustrate the effects of the shaker-stinger-structure system on the measured FRFs
(Figure 5-11). The shaker-stinger-structure system is coupled with the beam at point 4
(Figure 5-11) using equation (5-2). The response of the beam is measured at point 8.

The parameters of the beam and those of the shaker and stinger are::
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Beam : Length : 106 mm, Width : 20 mm, Thickness : 1mm, Material: steel, Modulus
of elasticity : 2.1 x 10" N/m?, Mass of density : 7800 kg/m?, Mass : 0.0156 kg,
Suspension : k, =200 N/m.

Shaker : Mass : 2 kg, Rotary moment of inertia: 0.01 kg /7, Suspension: kg, = 400
N/m, kryg,=0.09 N-m/rad.

Stingerl : Diameter : 1.5 mm, Length: 73.5 mm, Materia : Stedl.
Stinger 2 : Diameter: 0.5 mm, Legth: 50 mm, Material : Steel.

Measurement Set up : Excitation : at point 4, Response: at point 8.

Frequency range : 0-2000 Hz.

Figure 5-12(b) indicates the rotational point receptance of the structure-side end of the

stinger 1. The behaviour of the real model ( the real mode was introduced in section

5.3.1) is compared with the behaviour of the clamped-pinned stinger. Figure 5-12(a)

shows the effects of the stinger on the measurement of the beam. A “glitch” occurs in
the computed FRF in the low frequency range. At higher frequencies, a notch has
been made by the antiresonance of the shaker-stinger-structure system in the
measured FRF and thus instead of one peak a double peak has been indicated.
Moreover, because of the high angular stiffness of the stinger , around 450 Hz , the

FRF has moved to the higher frequencies.

Shaker

Beam 4

Stinger

Response

Figure5-11. Measurement of a beam in a simulated test
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Figure 5-12. Measurement using stinger 1 : d,=0.0015 m, I,=0.0735 m.

Figure 5-13 (b) indicates the angular receptance of the structure-side end of stinger 2.
Figure 5-13 (a) shows the effects of stinger 2 on the measured FRF. This stinger has a
small effect on the resonances of the structure. Besides, in the low frequency range

the stinger has asmall effect on the structure.
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Figure 5-13. Measurement using stinger 2 : d,=0.0005 m, [,=0.05m
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From this study it can be concluded that the measured FRFs:

1. are affected by the rigid body modes of the shaker-stinger-structure system at low
frequency region;

2. are affected by the antiresonances of the stinger at higher frequencies,

3. may be affected by the rotational stiffness of the stinger at all the other

frequenciesif the stinger is not flexible.

5.3.6 The effect of the misalignment on the performance of the

stinger

The main assumption of building the model shown in Figure 5-4 was that after
assembling the shaker-stinger-structure system the stinger remains straight. On this
basis the model of the stinger was assumed to be a straight beam. However, in
practice when the gravity load of the structure and that of the shaker exert tension on
the suspension springs and stretch them, in equilibrium, the stinger may not remain
straight. This causes misalignment of the stinger. Usually, the suspension springs are
chosen to be very soft to fulfil the free-free boundary condition, consequently even
with a dlight force the suspension springs have a considerable displacement. This
makes it difficult to assemble the test structure and exciter accurately so that the
stinger remains straight. To examine the effect of the misaignment on the
performance of the stinger Finite Element Method (FEM) was used. Figure 5-14
shows the model which was made in ANSY S program (see Appendix D). This model
is similar to the model shown in Figure 5-4 and has the capability of assessing the
misalignment effect of stingers. The stinger was modelled by assembling 100 BEAM3
elements from ANSY S element library. BEAM3 is a uniaxial element with tension,
compression and bending capabilities. The element has three degrees of freedom at
each node: trandations in the nodal x and y directions and rotation about the nodal z-
axis. The shaker is modelled as a nodal mass with rotary inertia property which is
attached to the shaker-side of the stinger. The shaker is suspended using a
longitudinal spring iny direction and a rotary spring in 6, direction. On the structure
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side, the structure is modelled as a lumped mass which is suspended using a
longitudinal spring. If the axis of the gravity force of the structure does not pass
through the point of the attachment of the stinger and the structure, the gravity force
of the structure exerts a specific moment on the stinger in the structure-side. It is

assumed that this moment can be estimated from the static properties of the structure.

Appendix D of this thesis shows the program which was used to build the ANSYS
model of the shaker-stinger-structure system. To examine this model a test with the

following parameters was considered:

Shaker : Mass : 8.3 kg; Rotary moment of inertia : 0.0256 kg.n¥, Suspension: kg, =
1400 N/m, krg, = 0.469 N-m/rad; Mass of the coil = 0.06 kg.

Stinger : Diameter : 2 mm, Length : 100 mm, Materia : steel

Structure : Mass: m,=10.5 kg and the suspension stiffness of k, =850 N/m. The

structure exerts amoment of 1.25 kg.n7 on the stinger.

Shaker

suspension
Structure

suspension

Stinger Mgt

b d Tst

Figure 5-14. The ANSY S model of shaker-stinger-structure system

After building the model a prestressed modal analysis (this analysis is defined in the
ANSYS program) was conducted to calculate the natural frequencies and mode
shapes of the system. The procedure to do a prestressed modal analysis is essentially
the same as a regular modal analysis except that we first need to prestress the
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structure by exerting gravity forces and doing a static analysis. Figure 5-15 shows the
result of the static analysis. In this case the stinger is deformed and is not straight any

more.

Initial position

/ Structure

Deformed Stinger

Shaker

Figure 5-15. Misalignment of the stinger

In the second stage, modal analysis of the deformed system was performed by re-
entering the solution of the static analysis and obtaining the modal solution, also with
prestress effects turned on. The modal solution without performing the static analysis
was aso obtained in order to compare the results. Table 5-4 compares the natural
frequencies and the mode shapes for the first fifteen modes of these two cases. The
mode shape is related to the rotation of the structure-end of the stinger. Figure 5-16
shows the mode shapes of the shaker-stinger-structure system. It was shown earlier in
section 5-2 that antiresonances of the stinger are responsible for the maximum error in
the measured FRFs, therefore the point rotational receptance of the stinger in the
structure side needs to be computed to obtain the antiresonances of the stinger. This

can be achieved using the following equation:

N 2
(@)
a =5 = 5-11
Il ; (Uf _ wz ( )
in which ¢, isthe mass-normalised mode shape of the point rotational receptance of
the stinger in the structure-side corresponding to mode r. Figure 5-17 shows first two
anti-resonances of the stinger using the first twenty modes of the system (Table 5-4

shows data of the first 15 modes of the system). The first antiresonance for the
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deformed stinger is 943 Hz while for the straight stinger is 953 Hz. The second anti-
resonance for the deformed stinger is 2605 Hz while for the straight stinger is 2631
Hz. Consequently, if we do not consider the misalignment of the stinger there is a 10
Hz difference for the first anti-resonance and 26 Hz for the second anti-resonance

which is a considerable amount in the design of stingers.

Table 5-4. Comparison of the mode shapes of the straight and deformed stingers

Straight stinger Deformed Stinger
modes | f (Hz) (6,), f (Hz2) (6,),
1 0.0000 | -0.29686E-5 0.90965 -0.11226E-8
2 1.1845 2.2958 1.842 2.2958
3 1.7978 0.26471E-1 1.7979 0.26147E-01
4 3.0326 7.2411 3.0326 7.2411
5 188.7 0.8684E-9 188.7 -0.19439E-13
6 636.58 1153.4 637.04 1155.1
I 2062.0 2015.9 2064.5 -2020.9
8 4299.4 2913.7 4335.8 -2948.4
9 7345.8 | 3806.6 7425.8 3864.4
10 11197 4697.0 11405 4843.6
11 15847 5584.0 16382 -5949.5
12 21289 6467.1 22255 -6506.2
13 25946 0.87009E-8 28932 8672.0
14 27516 73454 29327 0.94278E-8
15 34519 8218.8 39050 -9884.1

f = Natural Frequency , (6,), = rotation of the structure-side end of the stinger
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Figure 5-16. Mode shapes of the shaker-stinger-structure system
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Figure 5-17. The effect of the misalignment of the stinger on its anti-resonances

5.3.7 The effect of the stinger on the measured FRFsin other DOFs

Figure 5-18 (@) indicates a structure which is coupled with the shaker-stinger system
in three DOFs. The degree of freedom of axial excitation (x direction) has been shown
by i, the rotational degree of freedom in 6, direction by j and the transverse degree of
freedom (y direction) by k. Except for the axial DOF (i), the shaker-stinger system is
coupled rigidly to the structure at point P in DOFs j and k and introduces a dynamic

stiffness on the structure.
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Shaker
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Shaker
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Figure 5-18. Coupling of the shaker-stinger system and the structure in three DOFs

The structure and the shaker-stinger system are coupled in three DOFs. In this case
coupling can be done in a step by step procedure. In this approach two structures are
coupled in one of the coupling DOFs in each step. If it is assumed that just the effect
of the shaker-stinger system in axial direction (DOF i) is added to the structure, then
from appendix A we have:

Ai(J,k)Ai(i,k) (5_12)

Al = g O S
I I Ai(l ) + Am

In equation (5-1), A, and A" can be written in terms of the accelerances of the

structure when the effect of the shaker-stinger system in 6, direction (DOF j) is
considered. For instance for A, we have:

(k) p (k) -
AMA (5-13)

(GK) = a1 0
AI AI ,A\“(k) +Am,|
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In equation (5-1), A, AY, A®and A" can be written in terms of the
accelerances of the structure when the effect of the shaker-stinger system in 'y

direction (DOF K) is considered. For instance for A, we have:

k) = A — A<i Ak (5_14)
A=A =
What we want to measure is A, , but what we get is a combination of A, and the other
FRFs. If the shaker is connected directly to the structure (without a stinger), A,,, A,

and A, arecloseto zero and the result is seriously contaminated.

In equation (5-1), when A, islarge, the amount of the fraction on the right hand side

is small and consequently the measured FRF is closed to A, . Conversely, when A
Is small, the amount of error is large. In other words, when the stinger is dynamically
stiff in the x direction at any area of the frequency range, the measured results are
more vulnerable to error in that area. Thisfact holdsfor A, and A, in equations (5-
13) and (5-14) as well. Hence, this suggests that the antiresonances of the driving
point FRFs of the tip of the stinger are responsible for the maximum error in
measured FRFs. It was assumed that the structure behaved as a rigid body in the
transverse direction (k DOF). Thus, we shall not consider the effect of the structure in

the transverse direction.

5.3.8 The effect of the stinger on the measured FRFs in the axial

direction

The stinger which was modelled in ANSYS by assembling BEAM3 elements has
tension and compression capability, therefore it can be used to estimate the axial
behaviour of the stinger. However, as shown in Figure 5-5, in the axial direction the
coil of the shaker dlides on the drive part of the shaker. Therefore, assuming that
whole of the shaker can be modelled as a lumped mass is not valid in the axial
direction. In the previous section, Figure 5-16 shows that the fifth mode of the shaker-

stinger-structure system isin the axial direction. Thisis not atrue axial mode because
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the whole mass of the shaker is considered in the axial direction. However, it should
be mentioned that this mode does not have any influence in our calculation of the
rotational antiresonances in the last section because, as shown in Table 5-4, in this
mode the stinger has no rotation. In order to analyse the axial motion of the stinger,
the same model can be used but the mass of the coil of shaker should be considered as
the lumped mass which is attached to the stinger in the shaker-side. The example of
section 5.3.6 is considered here again. The mass of the coil is 0.06 Kg. Figure 5-19
shows the receptances of the tip of the stinger on the structure-side in the axial
direction for the cases of the straight stinger and the deformed stinger. Table 5-5
compares the resonances and anti-resonances of these two stingers. The first anti-

resonances show 60 Hz difference which is considerable in the design of the stinger.

Table 5-5. Comparison of adeformed stinger and a straight stinger in axial direction

Mode | ARof theDS | ARof theSS | AAR of theDS | AAR of the SS
1 0.00 0.04915 2880 2940
2 13717 13586 26982 28170
3 40957 39133 57640 56300
4 68502 65006

Axia Resonance = AR, Axial Antiresonance = AAR,

Fevegiance (e | mM
N T

F]
INmecqpeeroy (T2

Deformed Stinger = DS, Straight Stinger= SS

Figure 5-19. Axial receptance of the stinger
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5.3.9 Computation of therigid body modesusing FEM model

It was shown in section 5.3.1 that the additional stiffness of the stinger raises the rigid
body mode frequencies of the shaker and those of the structure. The ANSY S model
which was introduced in the previous section can be used to estimate the rigid body
modes of the shaker-stinger-structure system for a deformed stinger. If the structure is
assumed to behave as arigid body then derivation of the rigid body modes is possible.
This can be done by considering a lumped mass in the structure end of the stinger
which has three DOFs in the axial, transverse and rotational directions. The mass of
the structure can easily be measured. However, the moment of inertia of the structure
is usualy unknown and needs to be estimated using approximate methods. The
example of section 5.3.6 is considered here again. Table 5-6 indicates the rigid body
modes for the straight stinger and the deformed stinger. The moment of inertia of the

structure was estimated to be 0.03 kg.nv . It should be mentioned that for the axial

rigid body mode the mass of the coil should be considered on the shaker side. The
results of the straight stinger and the deformed stinger cases do not show too much
difference (see Table 5-6). Usually the highest rigid body mode is important to choose
the minimum allowable measurement frequency. Therefore we can use a straight
stinger model with enough accuracy for predicting the behaviour of the stinger in the

low freguency range even there is a misalignment.

Table 5-6. Rigid body modes of the shaker-stinger-structure system

No. of mode | Straight stinger Deformed stinger
axial mode (1) | 0.049147 0.00000
2 1.0573 1.0573
3 1.7317 1.7319
4 1.8052 1.7815
5 4.6752 4.6753
6 0.42653 0.27282
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54 Experimental case study

A beam was tested in the laboratory to validate the shaker-stinger-structure model
presented in this chapter. The beam was made of mild steel, and had dimensions
0.2 x 0.006 x 0.44m and its weight was 0.412 kg. The experimental model of the beam
was divided into 6 equal elements and was tested in a free-free configuration,
suspended vertically by a soft elastic cord attached to the beam at point 1 (see Figure
5-20). The beam was excited by a shaker at point 6 and the response was measured at
point 5 using an accelerometer with the weight of 0.004 kg. The input signal to the
power amplifier was random and Hanning windows were used in both input and
output channels to reduce the effects of the leakage. The weight of the shaker was
10.5 kg and its moment of inertia, with respect to the horizontal axis which passes

through the centre of gravity of the shaker, was estimated to be 0.03 kg.n?. The

weight of the accelerometer was 0.015 kg. The stiffness of the suspension spring of
the shaker was estimated experimentally to be 5400 N/m and that of the structure was
estimated to be 1200 N/m. No rotary spring was considered for the shaker because
just one spring was used to suspend it. Four different stingers were used to transfer
the excitation force of the shaker to the structure. Table 5-7 shows the parameters of
the stingers. The diameters of the stingers are the same while their lengths are

different.

Figure 5-21 shows the predicted rotational receptance of each stinger at the structure
end in the frequency range of 0-1600 Hz, computed using the model shown in Figure
5-4. Figure 5-22 shows this receptance in the frequency range of 0-500 Hz. Table 5-
8 shows the first bending anti-reonance, the first axial anti-resonance and the last anti-
resonance in the low frequency range of each stinger. Stinger 1, which is shorter than
the others, is dynamically stiffer and has raised the rigid body modes of the structure
and those of the structure unacceptably. On the other hand, stinger 4, which is longer
than the other stingers, has an elastic anti-resonance at 1110 Hz which can affect the
measured FRFs.
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Figure 5-20. Measurement using different stingers

Table 5-7. The parameters of different stingers

No. of Stinger | Length (mm) Diameter (mm)
1 7 15
2 20 15
3 25 1.5
4 79 15

Table 5-8. Dynamic properties of different stingers

No. of First bending First axidl Last anti-resonance in the
_ anti-resonance anti-resonance | low frequency area
stinger
1 14400 Hz 8188 Hz 341 Hz
2 17320 Hz 4963 Hz 71.5Hz
3 11080 Hz 4239 Hz 51.3Hz
4 1110 Hz 2389 Hz 12.55Hz
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Figure 5-21. Predicted input rotational receptance of the shaker-stinger-structure
system to the structure
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Figure 5-22. Predicted input rotational receptance of the shaker-stinger-structure
system to the structure in the low fregquency region
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Figures 5-24 and 5-25 show the effects of the stingers on the measured FRFs in the
actual test. Stinger 1, which is stiffer than the others, has affected the measured FRF
unacceptably. In this case, the connection of the shaker and structure is so stiff that
the dynamics of the shaker affects the measured FRFs serioudly. The first bending
anti-resonance of stinger 4 has introduced a glitch into the measured FRF around
1064 Hz. The prediction of the first bending antiresonance of the theoretical model of
stinger 4 was 1110 Hz which shows a 46 Hz (4%) difference. The last anti-resonance
in the low frequency area of stinger 3 was predicted to be at 51.3 Hz while the
measured FRF show this at 45 Hz, a 6.3 Hz (12%) difference. The last anti-resonance
in the low frequency range for stinger 2 was predicted to be at 71.5 Hz while the
measured FRF is affected at 58 Hz, a 13.5 Hz (or 23%) difference.

The difference between the prediction and the result of the measurements for stingers
2 and 3 in the low frequency range is not acceptable. It was shown in section 5.3.3
that the parameters of the stinger and the mass of the structure are the most important
factors in the determination of location of the last antiresonance in the low frequency
range. In an actual test the stinger is attached to the structure using a mounting
hardware. Moreover, a force transducer is attached to the stinger at the structure end
(Figure 5-23). Therefore it is important to consider the mass of force transducer and
that of mounting hardware in the model. Moreover, the extra length of the mounting
hardware and that of the force transducer should be compensated in the model by
adding an extra length to the stinger. If we add the mass of the force transducer and
that of the mounting hardware ( 0.025 Kg) to the mass of the structure and we add an
extra length of 2 mm to the length of the theoretical model of stinger 2, the last
antiresonance in the low frequency area will move to 60 Hz (58 Hz in the
experiment); for stinger 3, the last antiresonance in the low frequency range will move
to 445 Hz (45 Hz in the experiment). As a result, the difference between the
prediction and the measurement will decrease to less than 3% for stingers 2 and 3.
Addition of 2 mm to the length of stinger 4 will improve the prediction of its first
elastic antiresonance from 1110 Hz to 1056 Hz which shows 8 Hz (0.7%) difference

with the measurement result (1064 Hz).
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Figure 5-23. Force transducer and mounting hardware in the shaker-stinger-structure

system

To examine the effect of misalignment of the stinger on its performance, stinger 4 was
chosen and three tests were conducted for three different positions of this stinger. In
the first case the equipment was assembled in such a way that the stinger remained
straight. In the second case, the suspension spring of the structure was moved
downward in such away that the structure end of the stinger moved 20 mm downward
with respect to the origina position (see Figure 5-26) . In the third case, the
suspension spring of the structure was moved downward in such a way that the
structure end of the stinger moved 50 mm downward with respect to the original
position. Figure 5-26 shows the effect of these misalignments on the measured FRFs.
The differences between the measured FRFs are considerable but the natural
frequencies do not show major differences. Moreover, as the deformation was
increased the anti-resonance of the stinger shifted to the lower frequencies, as was
predicted by the theoretical model.

The deformation of the stinger biases the results and can be restricted by determining
a maximum allowable deformation of the stinger. This can be done by calculating the
changes in the first elastic antiresonance of the stinger relating to its deformation
which was presented in section 5.3.6. Based on the results of the latter experiment, it
Is recommended that the deformation of the stinger is restricted so that the changesin

the first antiresonance of the theoretical model of the stinger islessthan 5 Hz.
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Because the deformed stinger is arch-like, it will not exhibit linear behaviour any
more. Therefore, when the structure is excited by a deformed stinger, the measured
FRFs should be checked for signs of nonlinearity. Figures 5-28 to 5-30 show the
results of the measurements for the cases of the straight and deformed stingers (cases
1 and 2 in Figure 5-26) for three different levels of excitation force. For the case of
the straight stinger, no sign of nonlinearity was detected while for the cases of the
deformed stingers the measured FRFs showed nonlinearity in the areas of

antiresonance of the stinger.

The results of this experimental case study show that the shaker-stinger-structure
model which has been introduced in this chapter can give us reasonable data for
predicting the behaviour of stingers and designing them for specia purposes.
Moreover, this model can be used for predicting the effect of the misalignment of the
stinger on the measured FRFs. It is necessary to define a maximum allowable

misalignment for a particular stinger to prevent obtaining biased results.
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Figure 5-24. The effects of the stingers on the measured FRFs
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Figure 5-25. The effects of the stingers on the measured FRFs in the low frequency
region

Shaker side‘ ‘Structure side

‘ ﬁ 0 mm Straight stinger
wZO mm Deformed stinger (case 1)
—50 mm Deformed stinger (case R)

Figure 5-26. Deformed stingers
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Figure 5-27. The effect of the misalignment of the stinger on its performance
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Figure 5-28. Nonlinearity check for the straight stinger

(different lines represent measured FRFs using different levels of excitation force)
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Figure 5-29. Nonlinearity check for the deformed stinger (case 1)
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(different lines represent measured FRFs using different levels of excitation force)
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Figure 5-30. Nonlinearity check for the deformed stinger (case 2)

(different lines represent measured FRFs using different levels of excitation force)

5.5 How to design a stinger

The measured FRFs can become so noisy in the low frequency region of the response
that it is not possible to determineif the lowest elastic mode of the system is buried in
noise. From a signal processing point of view the goal of modal testing is to produce a
measurable response such that the ratio of the input and response can be properly
calculated. It is therefore necessary to determine the minimum measurable response
for the particular application. This depends on the background noise, the transducers’

sensitivities, and the minimum resolution of the data acquisition system.

To find the relation between the minimum measurable frequency due to noise and the
required input force, suppose that our system is a simple mass and spring( system

m=5 kg, k= 500 KN/m). Thus, the equation governing the system is :

K - (5-15)
-

F=X"(

where X" is the acceleration in the frequency domain. If the sensitivity of the

accelerometer is 10 v/g and it is easy to measure 10 millivolts of signal, it is possible
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to measure a response of 0.01g. In order to determine how much excitation force is
necessary, the minimum frequency of interest should be known. For example, if the

minimum frequency is 10 Hz then the required force is:

500000
- (2% % 10)?

f =1(0.01) x (98) % ( +5)|=1192 N

If this same test is required to provide reliable data down to 2 Hz, then 309.85 N is
needed. For 1 Hz, then 1240.7 N is needed. Conversely, it is the reason that FRFs get
more and more noisy as the frequency diminish. Although this discussion holds for

sinusoidal excitation, practically, it holds for other excitation method as well.

It can be concluded that reliable FRF data in some part of the low frequency range
will be unobtainable. The effect of noise depends on the dynamic behaviour of the
structure which is under investigation by the modal test, the level of the background
noise and many other parameters. Therefore, there is no straightforward formula to
relate the input force and the level of the noise. However, a more powerful shaker will

decrease the effect of noise in the low frequency range.

Once the input force and the size of the shaker are chosen the following steps should

be followed to design the stinger:

Step 1- Caculate the minimum allowable diameter of the stinger. If the maximum

input forceis P, and the material endurance stress of stinger is o, then :

P m? (5-16)
US_K’AE_ 4

The minimum allowable diameter of the stinger is thus:

4 - 4P (5-17)
min — ms

The diameter of the stinger can be chosen to be greater than the minimum allowable

diameter (d_. ). However, athinner stinger is more flexible and has less effect on the

min

measured FRFs.
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Step 2- Calculate the maximum allowable length of the stinger from Euler formula to
avoid the buckling of the stinger:

o |27TEJ, (5-18)
Y P 64

The length of the stinger cannot be more than |, . However |, is not the optimum

length of the stinger.

The most important part of designing a stinger is to choose the optimum length. If the

minimum and maximum desirable frequencies (f;,, and f,__) are known, the

min

optimum length of the stinger should be chosen in such a way that the last

antiresonance in the low frequency range of the stinger islower than f ;. and the first
elastic antiresonance of the stinger is higher than f,._, . This can be done by trial- and-

error of different lengths in the theoretical model of the stinger which was presented

in section 5.3.1.

Step 3- For a particular length of stinger, compute the antiresonance in the low
frequency region, as was discussed in section 5.3.3. For this computation the
parameters of the shaker and those of the structure are needed. It is important to add
the mass of the force transducer and that of the mounting hardware to the mass of the
structure. Moreover, it is necessary to add an additional length to the length of the
stinger to compensate for the length of the mounting hardware and that of the force
transducer. Based on the experience gained in section 5.4, this additional length is

2~3 mm.

Step 4- Calculate the first elastic antiresonance for the stinger of a particular length, as
was discussed in section 5.3.4. Table 5.2 shows some of these antiresonances for

different lengths and diameters of the steel stingers.

Step 5- Calculate the first antiresonance of the stinger in the axia direction using the
ANSY S model as was presented in section 5.3.8. If the first antiresonance of the
stinger in the axia direction is lower than that of the stinger in the bending direction

then the antiresonance in the axial direction should be morethan f_, .
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Step 6- After trying different lengths for the stinger, the optimum length can be

chosen so that the antiresonances of the stinger are not in the frequency range of f .,

to f

max *

Step 7- Determine a maximum allowable deflection of the stinger. The experimental
results of section 5.4 showed that the deformation of the stinger can bias the results
unacceptably. Based on the experience gained in section 5.4, it is recommended that
the deformation of the stinger should be restricted so that the change in the first
antiresonance of the stinger islessthan 5 Hz. The procedure to calculate the changein
the first antiresonance of the stinger due to its misalignment was explained in section
5.3.6.

5.6 How to check the effects of a stinger on the measured FRFs

In the previous section we presented a procedure to design a stinger for the test so that
its effect on the measured FRFs become minimum. However, it is necessary to check
the effects of the stinger on the measurements for assessing the quality of the

measurement.

In the design of a stinger the main effort is to avoid the stinger’s antiresonances. If the
length of the stinger is changed slightly, its antiresonances (bending or axial) will
shift slightly in the frequency range. As a result, the effects of the antiresonances of
the stinger on the measured FRF will shift slightly and this is a sign of error. We

present this fact by a numerical example:

A steel beam was tested in a simulated shaker test using two different stingers (Figure

5-32 ). The parameters of the simulated test were:

Beam : Dimension 0.02 x 0.006 x 044 m, Material: Steel.

Shaker : Mass : 10.kg, Rotary moment of inertia : 0.0Bg.n7?, Suspensionkg, =
5400N/m, kry,= O N-m/rad.

Stinger 1 : Diameter : &im, Length : 0.07%n, Material : Steel.
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Stinger 2 : Diameter: 2 mm, Length: 0.079 m, Material : Steel.

Measurement Set up : Excitation : at point 3, Response: at point 7.

Frequency range : 200-2000 Hz

Figure 5-33 shows that the location of the first elastic antiresonance of stinger 1 is at
1645 Hz and that of stinger 2 is at 1480 Hz. Figure 5-34 shows the effects of stingersl
and 2 on the measured FRF. This figure shows that by replacing stinger 2 with stinger
1, the effect of the latter stinger shifts slightly to the lower frequencies while the other
parts of the measured FRF remains unchanged. This suggests that by a slight change
in the length of the stinger, its effect on the measured FRF can be reveaed.
Conseguently, using this method the effect of a designed stinger on the measured FRF
can be checked.

2 |of

3 @ Shaker
Beam 4 \ WL

5 Stinger

6ol

7 = Response

8|

9k

Figure 5-31. Model used for the Simulated shaker test
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Figure 5-33. The effects of stingers 1 and 2 on the measured FRF
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5.7 Design of a stinger in an actual test

A steel beam with a mass of 0.412 kg is to be experimentally tested for its dynamic
characteristics. The beam isto be suspended vertically with an elastic cord with the
stiffness of 410 N/m. A 80 N electromagnetic shaker is chosen to excite the structure.
The mass of the shaker is 10.5 kg (the mass of the coil is 0.21 kg) and its moment of
inertia is 0.03 Kg.n?. The shaker was suspended by a spring with the stiffness of

5400 N/m. The mass of the force transducer and that of the mounting hardware is

0.025 kg. The required frequency range of the measurement was 80 to 1250 Hz.
In order to find the optimum stinger for thistest the procedureis:

The minimum diameter is calculated from equation (5-17) as.

dy =80 55x10 m
71 x345%10

In which o, =345x10° N/m is the materia endurance stress of the steel. The

diameter of the stinger can be chosen to be 1.5 mm. It should be mentioned that the
diameter of the stinger can be chosen to be greater than the minimum allowable
diameter (d_. ). However, athinner stinger is more flexible and has less effect on the

min

measured FRFs.

The maximum allowable length of the stinger can be calculated from equation (5-18)

as.

=0.086 m

_ \/ 271° x121x10° x 7% (L5x1073)*
ma 6480

Calculations show that the last antiresonance in the low frequency range for a stinger
with the diameter of 1.5 mm and length of 25 mm is at 44.5 Hz and its first elastic
bending antiresonance is at 11080 Hz. The first axial anti resonance of this stinger is
at 4239 Hz. Therefore this stinger is suitable for measuring the FRFs of the beam in
the frequency range of 80 to 1250 Hz.
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Calculations show that for a stinger with the diameter of 1.5 mm and length of 25
mm, when we have 2.1 mm misalignment between two ends of the stinger (Figure 5-
31) , the first elastic anti resonance of the stinger (in the axial direction) moves to
4234 Hz (5 Hz difference). As a result the misalignment between two sides of the

stinger should not exceed 2.1 mm.

5 degrees

Stinger

Figure 5-34. Misalignment of the stinger

Figure 5.35 shows the result of the measurement of the beam in the actual test using

the stinger designed above with the following parameters:
Stinger 1 : Diameter : 1.5 mm, Length: 25 mm, Material : Stedl.

In order to check the performance of stinger 1 another measurement was conducted
using another stinger with the same diameter but dlightly different length. The

parameters of this stinger were:
Stinger 2 : Diameter : 1.5 mm, Length: 27 mm, Material : Stedl.

Figure 5.35 shows the result of the measurement using stinger 2 which is drawn
together with the measured FRF using stinger 1. There is no considerable difference
between two measured FRFs. Therefore it can be concluded that stinger 1 (or stinger
2) issuitable for this test.

Figure 5-36 shows the result of the measurement of the beam in the actual test using

an unsuitable stinger. The parameters of this stinger are:
Stinger 3 : Diameter : 1.5 mm, Length: 82 mm, Material : Steel.
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Another stinger with the same diameter but dlightly different lengths was used to

reveal the effect of stinger 3 on the measured FRF (see Figure 5.36). The parameters
of this stinger are:

Stinger 4 : Diameter : 1.5 mm, Length: 85 mm, Material : Stedl.

A comparison between two measured FRFs (using stingers 3 and 4) in Figure 5-36
shows that stinger 3 has affected the measured FRF at 1080 Hz and stinger 2 has shift
this effect to 1000 Hz. There is no discernible difference between two measured FRFs
at all the other frequencies. For comparison purposes the measured FRF using stinger
1 is shown in Figure 5-36. It can be concluded that stinger 3 is not suitable for the
measurement of the beam in the frequency range of 80-1250 Hz. Moreover, the result
of this test show that the method for assessing the performance of a stinger can show

the effects of an unsuitable stinger on the measured FRFs.

Figure 5-35. Checking of the performance of the designed stinger
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Chapter 5

Figure 5-36. Revealing of the effects of an unsuitable stinger on the measured FRF

5.8 Conclusions

It was proven that the maximum error of the measured FRFs are due to the

antiresonances of the rotational driving point receptance of the tip of the stinger.

In this chapter a new model was presented for the shaker-stinger-structure system.
This model allowed us to assess the effect of the misalignment of the stinger on its

performance.
It was shown that when there is a misalignment between two ends of the stinger,
the antiresonances of the stinger shift to the lower frequencies and the measured

FRFs are biased. Therefore, a maximum allowable deformation of the stinger was

introduced based on the changes in the first elastic antiresonance of the stinger.
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The presented model was used for the calculations of the antiresonances of the
shaker-stinger-structure system which was successfully validated by the

experimental results of afree-free beam.

Based on this study a design procedure was introduced which was followed by an

example.

It was shown that the effects of the stinger on the measured FRF can be checked
by repeating the test with another stinger with the same diameter but dlightly
different length.
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Chapter 6

Correction of mechanical effectsin

morethan one DOF

Reminder of Nomenclature

a”*. measured receptance of amodified structure

n number of modification DOFs

n, number of different configurations

r number of unknowns

P g receptance of the attached mechanical element

at DOFi for p" configuration
[a.’.] matrix of the receptances of attached mechanical

elements for different configurations

6.1 Introduction

The basic theory for the correction of mass-loading effects of atransducer in one DOF
was presented in chapter 3. In chapter 4 a similar method was developed for the
correction of the effects of a suspension spring on the test structure. However, the test
structure may be affected by mechanical devices in more than one DOF. By
mechanical devices we mean suspension springs, transducers and stingers or any other
mechanical elements which are used to conduct the modal test. In practice, there are
some cases that it is advantageous for us to cancel the effect of the mechanica
devices in more than one DOF (see chapters 8 and 9). Therefore, it is imperative to
generalise the correction method mathematically before dealing with more
complicated practical cases.

In this chapter a general solution for the correction of the effects of mechanical

devices on measured FRFs by modifying the test structure at its boundaries will be
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presented. It is shown that the FRFs can be corrected if the measurement is repeated
in a number of different configuration; each configuration consisting of the system
with one or more of its boundary conditions changed. It is also shown that the driving
point FRFs related to the degrees of freedom of the attachment of mechanical devices
can be computed without actually having to measure them. One of the applications of
these correction methods is in chapter 9 where the test structure is modified in two
DOFs by the mass and rotational inertia of an attached object in order to generate the
rotational FRFs.

6.2 Theory

6.2.1 Modification of thetest structurein morethan one DOF

Appendix A of this thesis investigates the general case of the changes in measured
FRFs due to the attachment of mechanical devices to the test structure. As shown at
this appendix, for the general case, when the test structure is modified in n DOFs, the
relation between the measured FRF and the exact FRFsis:

Ay an a, 0 Qi
alk all + aJ,.l alz D D aln
2T 0 ay+a, OO U5n
0 0 0 0o 0
0 0 0 oo O
. |0 a., a,, Oda,+a;,
alk - all + alll alz D D aln (6' 1)
0'21 a22 + aéz D D a2n
0 0 oo 0
0 0 0o 0
a, a,, uda,,+a,
Equation (6-1) can be rewritten as :
xa, +xa, +0 0 3Fxa (6-2)

b =x -
2r+1
X 8 +X,.,a+000x.a +a.,,
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where :

b =a, (6-3)

and a, a,, ..., a,, aethemultiplicationsof a;’s which are given in Table 6-1. In
the first row it is shown that, =1. In the second row it is shown that = a;,,

a;=0qz, . .., a,,=0a

nn-*

In the third row it is shown thaa, ., = a;,a),,
a,,, = a;,ai, and so on until the last row that ,, = a,,a,a,0 O [@,. The total

number ofa 'sisr =2" -1

Table 6-1. Parameters of equation (6-2)

& considerations number &ofs
a 1 1
a,,... ai'i i:LZ,...,n n
NP Y o i,j=12,...,n and i # | nx(n-1)/2
a;a;ay i,j,k=12,...,n and| nx(n-1) x(n-2)/3x2
izjzk
a. | anana,00 My, 1
Total numbera’s (r +1) 2"
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X, 's are unknowns and are acombination of a;’s, X, ,, is:

Xorer = Ak (6-4)

X4y Xouoy -+« X, @re a combinations af,,, a.,,. . .,a,,. Especially we have :

|]XZr—n+1 = all

%(Zr—n+2 =0y

[

. (6-5)

H

O

D —

O X = Qi
X, %X, ...,X areacombination ofa,,, a,,...,0,,,0y, A, .., 0a, and

Ay, Qppye s Q.

6.2.2 Correction of the FRFs

Correction of the measured FRFs for the case where a structure is modified in more

than one DOF can essentially be accomplished in two main ways :

1. step by step correction : in this approach in each step the effect of one of the

mechanical elements corresponding to one DOF is corrected, while the others are
constant. An application of this approach for the case of a structure which is
modified by two springs in two different DOFs was given in section 4.2.3.( This

approach will be used for the generation of rotational FRFs in chapter 9)

2. direct correction : in this approach the structure is tested in a number of different

configurations; each configuration consists of the structure with one or more of its
boundary conditions changed. Using the data of these tests the effects of the
mechanical devices on measured FRFs can be corrected by numerical procedures.

The direct correction approach is the main concern of this chapter.
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The direct correction method demands more complicated calculations and numerical
considerations in order to get redlistic results. In equation (6-2), the magnitudes of
b's and a’s are different in each configuration while the magnitude of x’s are a

combination of a;’s and constant. Hence, for each configuration equation (6-2) can

be rewritten as :

xal +xaf +00 Gxal (6-6)
Xr+l v +Xr+2 % +|:| D |ji-)(Zra‘r(l) +a‘r(:-)l

(i) = —
b™ = X2r+1

wherei is an indication of a specific configuration. Equation (6-6) can be solved for
X5y Xy oo« .y X, X, I the measurement is repeated for enough different
configurations. The number of unknowns & (1) in which r=2"-1 (nis the

number of modification DOFs). Thereforgy +1=2"" -1 different configurations

are needed to find the unknowns. Equation (6-6) can be rewritten as :

xa) +xal) +0 0 Brxa® +x.,,a’b" +x,,aP’b" +0 0 Grx, a”b"”  (6-7)
- X2r+1(xr+l D+ Xr+2ag) +0 0 G")(2rav(i)) - ar(l+)1 Xora1 = _a~r(i+)1b(i)

Equation (6-7) is not a linear equation but it can be linearised and solved by the

following procedure. Fomn, different configurations, the system of equations (6-7)

can be written in a shorthand summary as :

X X o X X1 X 42 Xar o XornXemn XornaXuz o Xorn Xy ‘ cte
a® a® a®  a®®  a®p® . a®p® —a® —a® —a® .. -a® | -a®p®
al(z) a;z) ar(z) al(z)b(z) a;l)b(l) ar(z)b(z) - aT(ﬂ - al(2) - a§2) T ar(Z) ‘ - ar(i?lb(Z)

g o .. g g g g g g g g ‘ 0
a™ al™ . a®™ af™h™ aop™ . a™p™ -t —a  —al - | _apm
(6-8)
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To find the solution for the system of equations (6-8), a procedure like the Gauss

elimination method can be used [98]. If the elements of the second row of equations
(6-8) are multiplied by a® and the elements of the third row by a{’ and the
elements of the third row are subtracted from the elements of the second row then x,
and XX, Will be eliminated from the resulted equations. This procedure can be

repeated for the second row and other rows of equation (6-8). The resulting equation

is:
XZ e Xr Xr +1 e X2r X2r+1 X2r+er+2 ‘ cte
aéz)aj(-l) - aél)a'-l(-Z) . a:Z)a:El) _ a.{(l)a'-l(-Z) a{2)a{l) (b(2) _ b(l)) 0 0 0 ‘ 0O
af)ai(l) - aél)af) aT(3)a1(1) - aT(l)af) a§3)a1(l) (b(3) - b(l)) 0 0 0 ‘ O
0 0 0 o 0 0 | O
aénc)aj(-l) _ aél)aﬂ(-nc) . a.{(nc)a:lfl) _ aT(nc)atl(-nc) a:I(-nc)a:El) (b(nc) _ b(l)) 0 0 0 ‘ O
(6-9)

If the same procedure is followed to eliminate x, and x,,,,X.,, from equation (6-9)
and the procedure is followed to eliminate x,, X,, ..., X al nonlinear elements will

be eliminated. The final resulting equation is:

X1 Xy e Xy X | cte
G G - G G | P (610
G G o G Gy | P
0 O 0 O o | O
q(nc—r)l q(nc—r)2 q(nc—r)r q(nc—r)(r+l) ‘ p(”c")
Equations (6-10) are a series of linear equations of the form :
B Ohs Gz Chr Oren UOX, 0O O Py O
9% G o G Oy %0 O PO
O=0 5 O (6-11)
0 O o .. ] O O
0 O 0O O
@(nc—r)l q(nc—r)2 q(nc—r)r q(nc—r)(r+1) 2r+l§ Ep(nc—r)a

This equation can be summarised as :
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[a}(d 2" ={ o} (6-12)
inwhich:
X4, O
e = (613)
0 - 0
@(Zrﬂg
and the solution is:
{X} rzizl = [q]+{ p} (6-14)
where [q]+isthe pseudo-inverse of [q] .Tofind x;, X,, ..., X equation (6-14) can

be rewritten as ;

@ + %8y +0 0 Orxa” =X, =bV) (%8 + X85 +0 0 Brx,a" +al))

(6-15)
Knowing X.,,, X.,,, ..., X, from (6-14), the right hand side of equation (6-15) is
known. So equations (6-8) can be rearrenged as :
X % X | cte
Ou O - - G | W
O G - - Oy ‘ Va (6-16)
0 0O 00 oo
gncl gnc2 o gncr ‘ VnC
or:
[of{x ={v} (6-17)

and the solution is:
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{7 =[o] ¥ (6-18)

in which [g]+ is the pseudo-inverse of [g] The Pseudo-inverse has been used in
equations (6-18) and (6-14) to show that the number of equations can be more than
the number of unknowns. In this case [g] or [q] is not square and the pseudo-inverse

should be used to find the unknowns. When the data are noisy, increasing the number
of equations and using the pseudo-inverse will average the solution and decrease the
effect of noise. It should be emphasised that the condition to solve the equations (6-
11)is:

nc=2""'-1 (6-19)

By solving equations (6-11) and finding X, X,, ..., X, , X,,, ad from eguation (6-
4), a,, the exact receptance, can be found. Moreover, from equations (6-5) the

correct valueof a,,, a,,, ...and a,, can be obtained.

The above procedure is a direct method for cancellation of the effects of mechanical
devices in more than one DOF. Equation (6-19) show that when the test structure is
modified in two DOFs, at least 7 different tests with different configurations are
needed to cancel the mechanical effects. In the next section the practical aspects of
this method will be studied.

6.3 Demonstration and verification of the method

6.3.1 Programming consider ations

In the last section it was shown how a measured FRF of a structure which is modified
in n DOFs can be corrected using direct approach. To program the method suggested
in the last section, the following steps have to be considered:
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1- arrange the receptances of the attached mechanical devices in each DOF in a

matrix in which each row isfor one configuration:

e, Pa, 00D O, D
(2) 2 2
0 aj, a, 000 Ya, a

0
@-20 0 Doo o8 (6-20)
0 0 000 Og
0 g O 000 O B
Bn(:)al'l ™a;, 000 ™a;
2- arrange the measured FRFsin a column matrix {b} as:
0%, O
@
a
5 “H (6-21)
{o}=0 . O
0 0
0 .0
E( C)alka

3- To calculate the a's as is shown in table 6-1, all the multiplications of the
elements of matrix[a’']in each row are needed. Table 6-2 shows a typical
example of the procedure which is used to calculateathdrom one row of
matrix [a']for the case wher@=5. Each column can be built from the last
column.In the first stegk=1), a, to a; are equal tar;, to a... In the second step
(k=2), a, is made from the multiplication of, by a,. Multiplying of a, by
a,and a,, yields a,and a; respectively.a, is multiplied bya,, a, and a, which
yields a,, a,,and a;; and so on. In the same way all the multiplicationg: 06

are made as is shown in Table 6-2.
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Table 6-2. Programming of the multiplication of aset of a!’s

156

No. k=1 k=2 k=3 k=4 k=5
1 a=a; |1]|a=aa Qs = Aa, 1] ax=a,3, 85 = Qs
2 a, =0y a; = a,a, a; = ag3, 8y = 85
3 u=0, |2 =23 g = a8, 8,5 = Q4785
4 a,=ay, 4, =4, Qo = a3, Ay = Qg
5 5 a; =a: Qy = A3, Ay =35 4| a5 =3
6 3| ay=a3, a4, = 8,85
7 Q, =3, 8, = 88
8 a3 = A8 Ay = Ay
9 Qyy = 85 8,y = 84585
10 41 a5 =a,8 Ay = ;85
4. make matri{a] as:
1®Wa @a, 000 Pa, 0O
% @a ©@a 000 @a,, B
[a]_Ei 0 O 000 0O B (622
- a 0 0O 00O 0O Qg
Ei 0 O 000 O B
E'(m)ai (e a, ooog ™ &, 0

wherea’s were made in the last stage.

5. multiply the last column of matripa] by -1.
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6. multiply each row of [a] by the element of [b] in the same row and add the result

to matrix [a].

7. do the elimination procedure explained in section 6.2.2 and find the solution.

6.3.2 Numerical case study

To prove the validity of the method, a beam was considered in a ssimulated test
(Figure 6-1). The beam was modified by the addition of an object which has both
mass and rotational inertia properties. The object was attached to the structure at

DOFs 3 and 4. The beam was excited at DOF 7 and the response is measured at DOF

X

[3
9 117 13 15 17 19 21 TDOFs
10 12 14 16 18 20 22 RDOFs

r
t m ‘
[ ] |
L) Ld L) [ [ [ [
3 7
4 8
Figure 6-1. A simulated test on a beam

( TDOFs = Trandational Degrees of Freedom , RDOFs = Rotational Degrees of Freedom)

The theoretical model of the beam was built using the concept of coupling the free-

free beam elements as was explained in chapter 3.

The attached object modifies the beam by changing the dynamic stiffness matrix of
the beam, at DOFs3and 4 as:

D™ (3,3) = D(3,3) - mw? (6-23)

and:

D™ (4,4) = D, (44) - | & (6-24)

The specifications of the beam and those of the attached object are given in Table 6-3.
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Table 6-3. Parameters of the theoretical beam

Length of t beam 0.44 (M)

Height of beam 0.02 (m)
Thickness of beam 0.006 (M)
Number of elementsin beam 10

Mass of density 7800 (kg /m*)
Mass 0412  (kg)
Modulus of elasticity 2e11 (N /rr|2)
Mass of the attached object 0.05 kg

Moment of inertia of the attached object 1x10°° ( kg. Y )

Once the main effects of the mass and rotational inertia properties of the attached
object were included in the model of the beam a simulated experiment was performed
in order to determine the effects of the attached object on the measured FRFs of the
beam. Figure 6-2 shows the comparison of the affected FRF and the exact FRF.

Fesaplame (dB e 1 m™

Frequansy (Hrd

Figure 6-2. The comparison of A,, and the affected A,y of the beam
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According to eguation (16) of Appendix A, the receptance of the modified beam is
equal to:

_ [047 (033 + 053) - 043037]094 (6'25)
(0'44 + 0'4'14)(0'33 + aéz) T 0304
[047034 ~ 037(044 + 024)]093
(A + a0 ) (05 +O3) — 0304

Qy =0y

From equation (6-2) for thecase of n=2 andr isequa to 2" —1=3 we have:

X + X8, + X33 (6'26)

X Xy + xed, + 4,

in which:
Ep(l = (003 = A e05;). Qg + (A7 Qy = 5,0 ,,). Ay
0 X, = 0,0
E _X3 = "U50q9 (6-27)
U Xy = 005 = A3y 0 gy
B Xg =0y
O Xg = U3
H X; =0y
and:
O a=1
E : a’ *
q % % b=a, (6-28)
| a; =0ay
@4 = A0y

The beam has been modified in 2 DOFs, therefore, according to equation (6-19), at
least seven different configurations (mass and rotational inertia of the attached object)

are needed to correct the measured FRFs based on the method presented in this
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chapter. Equation (6-27) gives the unknown parameters and equation (6-28) gives the

known parameters.

Table 6-4 shows different parameters of the attached object for 7 different simulated
measurements. Two different sets were considered. Figures 6-3 to 6-5 show the
results of applying the correction method using set 1 of Table 6-4. The interesting
point of this correction method is that in the ssmulated measurement the rotational
point FRF, a,,, is obtained while the trandational force and responses were actually
measured ( Generation of rotational FRFs using correction methods is the subject of

chapter 9).

Figures 6-6 to 6-8 show the results of applying the correction method using set 2 of
Table 6-4. While the computed transfer FRF matches the exact FRF (Figure 6-6), the
computed point FRFs are meaningless (Figures 6-7 and 6-8). This problem arises
from the rank deficiency of matrix [g] in equation (6-18). The rank of the matrix
which is built based on the information of set 1 in Table 6-4 is 4 for al of the
frequency points while for the second set it is 3. Thus for set 2, matrix [g] is rank

deficient and the inverse of this matrix, for some elements, is meaningless.

Here the effect of noise has not been considered. However, in the presence of rank
deficiency, using noisy data makes the results more unreliable. The reason for this
rank deficiency is choosing of an improper set of objects which modify the test
structure. Matrix [a']in equation (6-20), which is the matrix of the receptances of
the attached objects, is part of the matrix [g] for all of the frequencies. Thereforeif the
matrix [a']is rank deficient, matrix [g] will be rank deficient as well. The rank of

matrix [a'] for the first set of objects in Table 6-4 is 2 and its condition number is

17 x 10°. For the second set, the rank of matrix [a']is 1 and its condition number is

oo, Asaresult, for the second set the results are expected to be unreliable.

Therefore the best way to cope with rank-deficiency is just by choosing a proper set
of configurations which creates a matrix of full rank [a'] in equation (6-20). This
means that the objects which modify the structure need to be selected to avoid

numerical difficulties. Fortunately, this design is not case dependent in the sense that
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the behaviour of the structure does not have any effect on these numerical problems.
For the special case that the test structure is modified in one DOF only (the subject of
chapters 3 and 4), matrix [a']is:

0%q;, O

Ou . O

0 9u
[a’]: O 0o (6-29)

in which nc= 3. In this case the rank of the matrix is 1 and may not be made rank-

deficient by choosing an improper set of objects.

Table 6-4. Two series of datafor the correction

Set 1 Set 2

m (kg) I (Kg.m") m (kg) | (Kg.m?)
1 0.05 1x107° 0.05 1x107°
2 0.06 11x10°° 0.055 11x10°°
3 0.025 7x10°° 0.045 9x10°
4 0.033 75%10°° 0.06 12x10°
5 0.1 15%10°° 0.0425 85x107°
6 0.075 9x10°® 0.0575 115x 10
7 0.038 5x107° 0.035 7x107°

6.4 Discussion

The method developed in this chapter provide a mathematical basis for the correction
of the mechanical devices effects on the test structure in more than one DOF.

However, in practice, applications of these methods are limited. For example when
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the test structure is modified in two DOFs by a suspension spring and an
accelerometer, 7 different measurements with different configurations are needed to
obtain the exact FRF. If the test structure is modified in three DOFs, 15 different
measurements with different configurations are needed. In practice, conducting this
number of tests with different configurations is not cost efficient. Moreover, the
effects of noise and other errors pollute the results of the correction due to the large

number of the computation levels.

The application of the methods presented in this chapter isin chapter 9 where the test
structure is modified by the mass and rotational inertia of an attached object in two
DOFsin order to generate the rotational FRFs.

6.5 Conclusions

* In this chapter a genera solution for the correction of the effects of mechanical

elements on the measured FRFs was presented.

e It was shown that if the measurement is repeated in a number of different
configurations, the exact FRFs are obtainable using two main approaches namely
the direct approach and the step-by-step approach. The direct approach was
developed in this chapter.

* It was shown that the driving point FRFs of the degree of the freedom of the

attachment of mechanical devices can be generated the correction method.

* |nthe direct approach, numerical errors can be avoided in the calculations due to

rank-deficiency of the matrices by selecting proper mechanical elements.
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Chapter 7

The effect of nonlinearity on the correction methods

of mechanical devices

7.1 Introduction

Most of the theory upon which modal testing is founded relies heavily on the
assumption that the test structure’s behaviour is linear. In practice, real structures are
seldom completely linear. In the correction methods presented in the previous
chapters, the main assumption was the linear behaviour of the test structure and those
of the attached elements. However, if the structure or the attached elements exhibits
nonlinear behaviour, the result of the correction is unreliable. In this chapter the effect
of nonlinearity on the correction methods which was presented in the previous
chapters will be investigated. Application of this study is in chapter 9 where the test

structure is modified by an object to generate rotational FRFs.

165



Chapter 7 The effect of nonlinearity on the correction methods of mechanical devices 166

7.2 Theeffect of nonlinearity of thetest structure

Figure 7-1 indicates a structure which is modified at point | by a mass, m. According
to equation (3-12) in chapter 3, accelerance A, can be written with respect to the
original FRFsas:

o = A

AU =T (7-1)

It was shown in chapter 3 that when the measurement is repeated with two different

masses, m, and m,, the correct values A, and A, can be computed from:

-1

11
U —m
O KO [0
EA 0= EjA"l 0 (7-2)
A D E:I__ -m 0
A

If the measurement is repeated with another mass, m,, then A, can be computed

againas:

A0
A =——— (7-3)
1-mA,
in which Ai is the second computed FRF and A, is computed from equation (7-2).

me/ B m
1
4@ X, (@)

z

L2

Figure 7-1. Correction of the FRFs for a nonlinear structure

If the assembly of the structure and the modification masses show any nonlinearity,

then the amount of A, computed by equation (7-2) is different from Ai computed by

166



Chapter 7 The effect of nonlinearity on the correction methods of mechanical devices 167

equation (7-3). In this case, the addition of mass mis akind of passive excitation that
changes the effective force which excites the test structure. By attaching mass m to
the structure, as it acts like a passive force, the level of displacement at the point of

attachment can be restricted to arange of motion that produces linear response.

This conclusion applies to general cases where the structure is modified in more than
one DOF. If the assembly of the structure and/or the attached objects show any
nonlinearity, the results of the correction method is not the same for different sets of
datarelated to different configurations of the test structure.

7.2.1 Numerical example

To demonstrate the effect of the nonlinearity on the corrected FRFs, a smple model

of amass and a hardening spring is considered (Figure 7-2).

Nonlinear
Spring

I
m DOF 1

ext

Fcos wt

Figure 7-2. One DOF nonlinear system
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The equation governing this system is the Duffing equation for cubic hardening
stiffness:

(m+m,, )%+ kx + Bx® = F cos(at) (7-4)

The response of this simple system sometimes shows a behaviour which is called the

“lump phenomenon”. However, depending on different frequency and magnitude of
the excitation, different solution can be obtained. Figure 7-3 shows the behaviour of
the system shown in Figure 7-2 for three different levels of excitdien1000 N, F

= 5000 N andF = 10000 N.

The parameters of the system are:
m=10kg, m,,= 0kg, k=65300 N/m and 5 = 1000 N /v

The input force is sinusoidal which increases by 0.1 Hz upward. Figure 7-3 shows

that by increasing the magnitude of the force, the FRF is more inclined to the right.

Hecoplamee (4B e 1 '™ )

Frequency (HEy

Figure 7-3. The behaviour of a nonlinear system
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Figure 7-4 shows the result of the addition of an extra mass to the system shown in
Figure 7-2 while the level of the force is constant at 10000 N. If a mass of 5 Kg is
added to the system, the peak of the FRF shifts to the left and the system still shows
the jJump phenomenon. By addition of 40 Kg extra mass to the system, the peak of the
FRF shifts even more to the left but the system shows little nonlinear behaviour.
Addition of the mass decreases the amplitude of the vibration and this linearises the

dynamic behaviour of the system.

Reveptance (B re 1 m™)

Frequency (H2)

Figure 7-4. Addition of the extra masses to the system while the level of the forceis
constant (10000 N)

The correction process which was suggested in the previous chapters is based on the
linear behaviour of the structure. If the structure is nonlinear, the result of the
correction is different for different sets of data corresponding to different
configurations. Assuming the linear behaviour for the system shown in Figure 7-2, the

measured FRF can be corrected using the equation:
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(7-5)

The result of this correction is shown in Figure 7-5. Because of the nonlinearity, the
computed FRFs do not coincide with each other. For comparison purposes, the FRF
of the system when =0 in equation (7-4) is shown. In the case where the extra
mass is 40 Kg the computed FRF from equation (7-5) coincides with the linear FRF
in most of the frequency region. This coincidence proves that by addition of more

masses the structure shows more linear behaviour.

Feceptasce (dE re 1 o

Frequency (Fzl

Figure 7-5. The result of the correction for the nonlinear structure

This study implies that the correction methods for nonlinear structures fail to provide

aunique solution for different sets of data.

7.3 Theeffect of nonlinearity of the attached objects

From the practical point of view, the elements which are attached to the test structure

may not show linear behaviour in the correction process. Therefore the correction
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process may fail to have a unique solution because of the nonlinear behaviour of
attached elements.

7.3.1 Numerical example

Figure 7-6 shows a one DOF system of mass and spring which is modified by a
nonlinear hardening spring. Two different nonlinear springs used for the correction of
the measured FRF. The parameters of the system and those of the nonlinear springs

are:

One DOF system: m=10kg, k =65300 N/m;

Nonlinear spring 1: k., = 9700 N/m, £, =1000 N /n7;

Nonlinear spring 2: k., = 24700 N/m, f,, =2000 N /nv;

x
m DOF 1
Fcoswt
Nonlinear

Spring Ko Bex

Figure 7-6. Addition of anonlinear spring

Figure 7-7 shows the receptance of the system when the magnitude of the force is
10000 N.
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Heceptance (dB re 1 i)

Frequency CHz

Figure 7-7. The effect of anonlinear spring on the system

If springs 1 and 2 are considered to be linear (4., = 0 ), the effect of the additional
spring on the computed FRF can be removed by equation:

®
— an
ay

- 1_ kext a,ll(l) (7-6)

The result of this correction is shown in Figure 7-8. The receptance of the original
linear system is shown for comparison. The FRFs do not coincide in some parts of the
frequency region. Therefore the results of the correction is not the same when the

attached elements do not show linear behaviour.
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Receptance (di re | mT)

I-'rnquﬁ:r:.' iHz
Figure 7-8. Correction of an FRF affected by a nonlinear spring

7.4 Theeffect of other errorson the correction methods

In previous sections it was shown that in the presence of nonlinearity the results of the
correction methods for different sets of data are not the same. However, there are
other parameters which may cause the same effects on the correction methods. For
example, signal processing errors like leakage or the effect of the window functions
may cause the same problem. When a structure is modified by addition of mechanical
elements, in the presence of signal processing errors, the response signal of the
modified structure may not have the same results in the correction methods. One of
the most serious problems which may cause difficulty in the correction methods is the
relative phase shift between the force and acceleration signals. This problem was first
reported by McConnell in [99]. He showed that |large measurement errors occur near
resonances in the mass cancellation process when there is a small relative phase shift
between the force and acceleration signals. The phase shift between the force and
acceleration signals may happen because of the mechanical and electrical effects in

each data channel, including amplifiers and anti-aliasing filters. In practice the phase
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shift between the force and acceleration signals can not be avoided, so any correction

method is subject to these large errors and must be used with caution.

7.5 Conclusions

* if the structure or the attached elements exhibits nonlinear behaviour, the results
of the correction methods are not the same using different sets of data

corresponding to different configurations.

* As most types of nonlinearity are amplitude-dependent, the attached mechanical
elements can be chosen so that the level of the motion of the structure is restricted

to arange of motion that produces linear response.

» There are other sources of systematic errors in modal testing which may cause the

same effects on the correction methods.
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Chapter 8
Generation of the whole matrix of trandlational FRFs

from measurements of one column

8.1 Introduction

Measurement of the FRFs is a primary objective of modal testing in order to build a
mathematical model representing the dynamic behaviour of a structure. When the
number of DOFs s large, measuring the whole FRF matrix is difficult and sometimes
impossible. However, it is possible to compute the unmeasured FRFs from the
measurement and analysis of the FRFs in a single row (Response fixed)or column
(Force fixed) of the FRF matrix [5]. The unmeasured FRFs can, in principle, be
synthesised from the measured FRFs using the identified modal properties. However,
generating the unmeasured FRFs from the measured ones along a single row or
column is only theoretically possible when the frequency range covered extends from
zero to infinity. In practice, it is necessary to limit the frequency range of
measurement for obvious reasons. The remaining part, due to the out of range modes
- theresidual - is not available and, as a result, estimating the unmeasured FRFs from
the measured ones is not accurate unless values for the relevant residua terms can be
estimated. In the past, some efforts have been made to relate the residual effects of
out-of-range modes between measured and unmeasured FRFs, but without much
success. At present, there is no known method to include the residual terms in the

calculation exactly.

The idea of evaluating the whole FRF matrix from measurement of some elements by
changing the boundary was suggested in [37]. As shown there, it is possible to
calculate some FRFs by modifying the structure at the points of interest at its

boundaries. New accelerometers were added to the points for each new set of

Thiswork was published in IMAC 1998 [100].
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Measurement. Thus, for an n DOF system, n accelerometers or dummy masses are
needed.

The challenge addressed in the present work is to develop a method for generating the
whole matrix of trandational FRFs based on measurements using one accelerometer
and one dummy mass. The theory of the method is based on the direct substructuring
technique, Structural Modification Using experimental frequency Response Functions
(SMUREF). Two different approaches are used to develop the governing equations of a
structure modified with two masses. Moreover, it has been shown that in noisy
environments, and when the masses of accelerometer and dummy mass are large, the

computation is relatively insensitive to noise.

8.2 Theory

In chapter 3, the modification of a structure by an added mass was studied. Figure 8-1

shows a structure which is modified with two different masses at pointsi and j .

Figure 8-1. Attachment of two masses

Two different approaches can be used to derive equations governing the modified

system, as discussed below:

175



Chapter 8 Generation of the whole matrix of transational FRFs from measurements of one column
176

8.2.1 Successive substitution

For the system shown in Figure 8-1, one can consider that mass m is attached at

point i to the system composed of mass m; and structure C (Figure 8-2).

Figure 8-2. Addition of mass m to structure C and mass m

For this case, we have :

A DA D
JR | S | N

Ak(ivj) = Ak(j) - 1 -
-+ Ai J
m

(8-1)

The accelerances of the modified structure A, A", A and A can be written

in terms of the accelerances of the basic structure, C. we have:

i) — AJKAJ'
Ak( ' = Ac— 1 (8-2)

—+ A
m ii

Ay ) = Ax _1+ (8-3)

A ) = A _1+ (8-4)
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| AA
Ai(J) =A - 1 — 8-5

T, &%)
m

Inserting equations (8-2), (8-3), (8-4) and (8-5) in (8-1) resultsin :
o o A
Ak( ) = Ak (]/m] + Ajj)
B (Ak(]/mj + Ajj) - AjkAj)(Ai (]/mj + A“) - A“AJ)
(Wm + AWM + A) = AA

(8-6)

8.2.2 Direct derivation

Appendix A of this thesis investigates the general case of changes in measured FRFs
due to the attachment of mechanical devices to the test structure. As shown at
appendix A, for the case that the test structure is modified in two DOFs we have:
_ [ajk(aii + ann) - ajiaik]alj
(ajj + amm)(aii + ann) - aij aji
[ajkaij - aik(ajj + amm)]ali
(ajj + amm)(aii + ann) - aijaji

ai” = ay
(87)

Multiplying both sides by —«?, and the numerator and denominator of the two

fractions on the right hand side of equation (8-7) by «’, the relation between
accelerances is obtained as:
A(i'j) _ A _ [Ajk(Ai +A1n)_AjiAk]Aj
T (AHALAHA) - AA (8-8)
+ [AjkAj B Ak(Ajj +ALIA
(Ajj + Anm)(A. + Awn) - Aj Aji

where :

1 (8-9)

and:
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_1 (8-10)
An m
Inserting equations (8-9) and (8-10) into Equation (8-8) we have:
A = A _M
m + A.
(]/ 1 ll) (8'11)

(AWM + AN - AANA WM +A) - AA)
Ym + A)Im +A) - A A

Equation (8-11) is the same as equation (8-6), verifying that both approaches give the

same result.

Three special cases can be developed which are applicable for the generation of FRFs

in the next sections:

(a) for the case where I=i, equation (8-11) can bereduced to :

_ AhnA'rmAk + Ahn(Aj Ak - Aj Ajk) (8'12)
(Ajj + Arm)(Al + Ahn) - Aj Ajl
(b) when j=k and |=i, equation (8-12) can be ssimplified to :

ALY = An Amn A (8-13)
“ (A<k+Anm)(Al +A1n)_AkA<|

ALY

(c) when |=k=i, equation (8-13) can be expressed as :

A| Am(Ajj + A‘rm) - AhnAn Aj (8'14)
(Ajj + Anm)(Au + Ahn) - Aj Ajl

Lj) —
AL =

8.3 Generation of thewhole matrix of trandational FRFs

The method which was developed in [37] for generation of the whole matrix of
trandlational FRFs is difficult to use because the number of accelerometers and

dummy masses increases with increasing the number of DOFs. Instead, an alternative
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method has been suggested in this section for generating the whole matrix of

trandational FRFs using one accelerometer and one dummy mass.

8.3.1 Measurement technique

Suppose that a structure is characterised by a model with n DOFs and it is excited
with a shaker at DOF 1 and the force and response are measured by a conventional
force transducer and accelerometer. The steps needed in order to obtain the whole
matrix of translational FRFs are listed in below:

Step 1- attach the accelerometer at point 1, and measure the driving point FRF, A,®;

Step 2- move the accelerometer to point 2 and measure AZl@, attach the dummy

mass at points 1, 3, ..., nsuccessively and measure A, 2, A %2 .. A ™ on

each occasion;

Step 3- move the accelerometer to pdrdand measureﬁgl‘é’. Attach the dummy
mass at pointd, 2, 4, ..., reuccessively and measure A,*, A,®Y, A®Y |

A, on each occasion;

Step 4- do the same procedure as 2t all other pointgl, 5,... ,n.

So the measured FRFs are :

Step 1-A,”. (1 measurement)

Step 2-A,?, A2, AG? . A™ . (nmeasurements)
Step 3-A,%, ALY, ALY, ALY, AL™ . (nmeasurements)
Step 4-A,®, ALY ACY A CH A GD DA D (0 measurements)
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Stepn- A, A VA @D A G A 0TI (n measurements)
The total number of measurements is :

nx(n-1)+1=n”>-n+1

8.3.2 Generation of thetrandational FRFs

The procedure to generate the matrix of translational FRFs from the measured FRFs

listed in the previous section is as follows:

1- from step 1 we have :

Ay (8-15)
1+mA,

from which the exact accelerano&,, can be computed easily :

A =

_AD (8-16)
AT ma
2- from step 2 we have :
Az @ — A21 (8'17)
b 1+mA,

and from equation (8-13) we have :

12) — AA (8'18)
o 1+mA)A+mA,) -mm,(A,)°

From equations (8-16), (8-17) and (8-18) one can defiyeand A,, :

_(@+rmA) 1 1 (8-19)
omm A mm, ALY

1
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A A 820

The same procedure can be followed for AY and AYY to compute A, and A,,,
whereu=2,3,...,n.

_(@+mA) 1 1 (8-21)
mm, AY mmATY

Au

A A 82

3- from step 2, one can compute A, and A, from the measured FRFs A§f) and

A9, From equation (8-12) we have :

(23) — Asl +m, (Azz A31 _ A32 A21) (8‘23)
P (@ mAL) A+ mA) - mmy (Ay)°

and:

(32) — A21 +m, (A33A21 _ A32 A31) (8‘24)
t (L mA) A+ MA,) - mmy (A)°

when m, = m), the denominator of the equations (8-23) and (8-24) are equal and one

can derive A, :

A = Bt M ARAG) ATY = AGY Ay (LM, Ay) (8-25)
’ my Ay, (f'Z)_ (flg)nhAs.l

where A, A,, Ay, A; areknown from step 2. The same procedure can be used to

find A, from A, and A,"Y wheret#sand tz1s#1
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(Ac+MAADALY - APV A (L+mA) (8-26)
my AL ALY - ATOm A,

As =

Where A;, A,, Ay, A, ae known from step 2. With this procedure, al of the
elements of the matrix of trandational FRFs can be generated.

8.3.3 Computation using noisy data

The method suggested in the preceding section is exact, but its application in practical
situations may be vulnerable to measurement noise. Equations (8-16), (8-21), (8-22)
and (8-26) are used to generate the FRFs. The influence of noise on the computations
can be reduced by choosing a proper accelerometer mass. To examine this possibility,
another term, ¢ , is added to the measured FRFs in the above equations. Then the
added masses can be chosen in such a way that the computations become less

sensitiveto & . From equation (8-16) we have :

 AP+s (8-27)
A (AT +e)

The sensitivity of A, tothechangesof ¢ is:

oA, 1 (8-28)
de (1-m,(AD +¢))?

In equation (8-28), for al the frequency points %:“ decreases with increasing m, , as

aresult the effect of ¢ on A, decreases. A similar analysis can be done for equations

(8-21), (8-22) and (8-26). Here we have:

_@+mA) 1 1 (8-29)
mm,  (AY +&) mm(ALY +5,)

Au
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The sensitivity of A, tog, and &, are:

Ay _(+mA) -1 (8-30)

o€, mm, (AY +&)°

Z 1 (8-31)
7, mm (ALY +¢,)?

For equation (8-22) we have:

_A (AP +e) (8-32)
m,

Ay

And so the sensitivity of A, to¢ is:

A, -1 (639

Je. m

From equations (8-30), (8-31) and (8-33) it can be seen that by increasing the mass of

accelerometer (and the dummy mass, m, =m,) the effects of noise on the computation

of the FRFs decrease. A similar discussion holds for equation (8-286)(not shown

here).

The general conclusion is that the effect of noise on the computations will decrease by

increasing the amount of the mass of accelerometer, m,, (and the dummy mass,

m, =m,).
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8.4 Demonstration and verification of the method

8.4.1 Numerical example

To demonstrate the validity of the method, the simulated system of 12 DOFs which
was used in chapter 3 has been considered again here (Figure 8-3). Table 3-1 in
chapter 3 shows the full specifications of the system.

HJ 2 \Myo | 0 || T2 | e
m ‘ %o ‘ Cr1 ‘ %2
B IR I ]

x m

Figure 8-3. A 12 DOF system

The system is excited at DOF 1. One accelerometer and one dummy mass have been
used to generate the FRFs. The mass of the accelerometer and that of the dummy
mass are each 0.5 kg. The “simulated measurements” are made following the method
suggested in this chapter .Then, the true FRFs are generated from equations (8-16),

(8-21), (8-22) and (8-26). Figure 8-4 shows the comparison of the exact&RF,

(continuous curve) and the generated FRH{ curve).
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Figure 8-4. comparison of the exact FRF, A, , (continuous curve) and the generated

FRF ([T curve) in the simul ated test.

The simulated test was repeated using noisy data. The FRFs were polluted by adding
random noise using equation (4-28). Figure 8-5 shows the corresponding
computation in the presence of 0.1 % noise. To demonstrate the effect of the
size of the accelerometer mass and that of the dummy mass, the same computation
was made with a mass of 5 kg for the accelerometer and dummy mass . In this case,
the size of the mass has been exaggerated to highlight the results shown in Figure 8-
6. Figures 8-7 and 8-8 demonstrate the effect of the size of the accelerometer mass
and that of the dummy mass in the presence of 1% noise. Figures 8-9 and 8-10 show
this in the presence of 5% noise. As predicted in the theoretical section, the effect of
noise on the computations decreases with increasing the mass of the accelerometer
and that of the dummy mass. Moreover, these figures show that the generated FRFs
are less affected by noise in the resonance area while around antiresonances the

results are more vulnerable to noise.

8.4.2 Discussion

It was shown that the effects of noise on the computations decreases by increasing the

mass of the accelerometer and that of the dummy mass (m, =m,). However, these

masses cannot be so big that they dominate the dynamics of the structure. In an actual

test, there is no structure that behaves like a lumped mass. All structures have a

185



Chapter 8 Generation of the whole matrix of transational FRFs from measurements of one column

186

rotational property that affects the dynamics of the structure (this will be discussed
extensively in chapter 9). Therefore in order to apply the method presented in this
chapter the size of the accelerometer and that of the dummy mass should be limited so
that their rotational effects on the dynamics of the structure become minimum. On
this basis, the ratio of the mass of the accelerometer (or that of the dummy mass) to
the mass of the structure should definitely be less than one. However, the fina
judgement of selecting the suitable size for the accelerometer and dummy mass is
based on the structure and the computed FRFs.

8.4.3 Experimental case study

The same experimental set up which was used in section 3.3.3 was used again here
for the experimental demonstration of the method introduced in this chapter. All the
specifications of the test set-up and those of the structure are the same as before
(Figure 8-11). To increase the mass of the accelerometer, an extra mass was added to
the structure at the response point. The extra mass was a steel cylinder with the
weight of 0.026 kg. The diameter of the extra mass was 15 mm and its length was 20
mm. The weight of the accelerometer was 0.004 kg. The dummy mass was a steel
cylinder with the mass of 0.03 kg. The diameter of the dummy mass wasl5 mm and
its length was 22 mm. Therefore the mass of the accelerometer (and the extra mass)

and that of the dummy mass were both egual to 0.03 kg (m, =m, =003kg). The

measurements were conducted and the FRFs were generated following the procedure
presented in this chapter. Figure 8-12 show the comparison of the generated FRFs and
the measured FRFs. The difference between the natural frequencies of the generated
FRFs and those of the measured FRFs are due to the accelerometer mass. The effects
of the accelerometer mass and that of the dummy mass have been cancelled through
this process, as a result the natural frequencies of the generated FRFs are accurate.
Noise has not affected the generated FRFs around the resonance. However, the effect
of noise appears in the generated FRFs which were computed in the last stages of the

generation process (A, A; and A,;) due to the accumulated errors from the

previous stages.
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Figure 8-5. comparison of the generated FRF, A, , (solid line) and the exact FRF
(dashed line) of the simulated test in the presence of 0.1% noise (m, = m, = 05Kg) -
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Figure 8-6. comparison of the generated FRF, A, , (solid line) and the exact FRF
(dashed line) of the simulated test in the presence of 0.1% noise (m, = m, =5Kg)
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Figure 8-7. comparison of the generated FRF, A,, , (solid line) and the exact FRF

(dashed line) of the simulated test in the presence of 1% noise (m, = m, = 05Kg)
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Figure 8-8. comparison of the generated FRF, A, , (solid line) and the exact FRF
(dashed line) of the simulated test in the presence of 1% noise (m, = m, =5Kg)
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Figure 8-9. comparison of the computed FRF, A, , (solid line) and the correct FRF
(dashed line) of the simulated test in the presence of 5% noise (m, = m, = 05Kg)
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Figure 8-10 comparison of the generated FRF, A, , (solid line) and the exact FRF

(dashed line) of the simulated test in the presence of 5% noise (m, = m, =5Kg) -
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Figure 8-11. Experimental set up for the generation of FRFs
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Figure 8-12. comparison of the generated FRFs (solid lines) and the measured FRFs
(dashed lines) of the beam.
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8.5 Conclusions

* In this chapter a method for the correction of the mass-loading effects of an
accelerometer and that of a dummy mass and generation of the whole matrix of
trandational FRFs was presented. The numerical results confirmed the validity of
the method.

e In this method an accelerometer and a dummy mass were used to generate the

FRFs while the point of excitation is fixed on the structure.

» Two different approaches were used to derive the FRFs of the modified structure,

namely, the successive substitution and the direct derivation.

e It was shown that the effect of noise on the computations decreases with
increasing the mass of the accelerometer and that of the dummy mass which was

confirmed by numerical examples.

* The numerical examples showed that the resonances are less affected by noise

while anti-resonances are more vulnerabl e to noise.

*  The method was successfully applied to experimental data from test on a free-free

beam.
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Chapter 9
Generation of RDOFs by modifying of the

test structure

Reminder of Nomenclature

Arir Accelerance of pointsi and j and in rotational direction 6, , herei

and j refer to the points and R refers to the rotational DOF

A the modal constant for mode r and DOFsj and k

r

9.1 Introduction

Rotational FRFs are present in 75% of the whole FRF matrix [5]. Their availability is
therefore of extreme importance in the calculations related to the applications of the
modal testing such as coupling, structural modification and model updating.
However, there are neither practicad means of applying moment excitation, nor
accurate rotational transducers for measuring the moment and rotational response of
the structure. For these reasons most of the modal analysis techniques tend to be
developed avoiding as much as possible the knowledge of rotationa FRFs, or

minimising the effects of not knowing them.

In chapters 3, 4 and 6 correction methods were introduced in order to cancel the
effects of the transducers and suspension springs on the measured FRFs. Then, in
chapter 8, the same approach was used in order to generate the trandational FRFs
from measurements on just a single column of the FRF matrix. In this chapter a
method is presented for generating the rotational FRFs of the type
displacement/moment and rotation/moment by exciting the structure at translational

DOFs and by modifying the test structure at particular points.
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The problem is that we still need to measure rotational responses. The T-block
technique have aready been used to generate the rotational FRFs by modifying the
test structure for theoretical models [101]. The finite difference technique itself
produces rotational FRFs related to a point on the structure. In this chapter we use the
finite difference technique and correction methods in order to develop a method for
generating the rotational FRFs related to two different points on the structure. The
am is to eliminate the need to apply moment excitation. Instead, the structure is
excited at trandational DOFs and is modified by the mass and the rotational inertia of
the attached objects at desired points.

9.2 Generation of the rotational FRFs by modifying the test

structure

When a structure is affected by the mass and the rotational inertia of an attached
object, two different degrees of freedom of the test structure are engaged at the same
time ( Figure 9-1 ). Although both of these degrees of freedom are at the same point

(one trandational and one rotational), they are in different directions.

Attached
Object

Response Input force

Figure 9-1. Attachment of an object to the test structure
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For the correction of the rotational inertia and the mass loading effects of an attached
object, two different methods may be used: (i) step-by-step correction or (ii) direct
correction (chapter 6). Here, the step by step correction procedure is considered for

the generation of the rotational FRFs, in order to avoid numerical problems.

The first question which may arise is the possibility of generating the rotational FRFs
by measuring only trandational responses or forces. For the system shown in Figure

9-1 we have:

A = A@ _ AP AY (9-1)
AR

where A/, is the accelerance of the attached object at DOF 1. After cancelling the
mass-loading effect at DOF 1 (the mathematical procedure has been explained in
chapter 4), A®, A? and A?.A? are obtainable. The exact FRFs can be found

from:
o _ AsAc (9-2)
A = A A+ AL
o o (A (9-3)
AT AT v ay
2 A — _AlT(Al'AkZ-FAkl-Am) Az-Akz-(Aiz)z (9-4)
AC A= AarBa Aot By (At ALY

where Ay, is the accelerance of the attached object at DOF 2. After cancelling the
rotational inertia effect aa DOF 2, A, A,, A, A, A, (A,)* ad

Az (A Ao + Aa-Ay)
Ap + Ay

are obtainable.

ArAg -
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Therefore, besides the corrected FRF, A, , only the point FRFs in the axia and
rotational directions, A, and A,,, can be obtained from this approach None of the
transfer FRFssuch as: A,, A,, A,, A, and A can be found through this process.
Consequently, although it is possible to obtain point rotational FRFs through the

correction process it is not possible to obtain rotational transfer FRFs by measuring

just tranglational responses and forces.

There are basically two problems to be resolved: the first is how to measure the
rotational responses and the second is how to generate and measure the rotational
excitations. In the past, there have been different techniques for measuring the
rotational responses (such as the finite difference technique and the T-block
technique) but there is no reliable means of applying moment excitations and
measuring them. In the next section the finite difference technique is used to develop
a method for generating the rotational transfer FRFs by modifying the test structure.

The aim isto eliminate the need to produce moment excitations and measure them.

9.2.1 Finitedifferencetechnique

In the finite difference method two or three accelerometers (according to the finite-
difference formula employed) are placed close to each other, in a constant spacing (S).
Trandational measurements are then made and finite difference formulas are used to
derive rotational FRFs. Here , the first-order forward finite difference formula has
been considered for estimating rotational FRFs. In figure 9-3 if c is a point close to
point a with the distance s, then the rotational FRFs can be estimated from:

E A12 = (1/ S)'(AlS - Au) (9'5)
DAZZ = (1/ 52)-(A11 _2A15 + '%5)

Here, 5 refers to the axial direction at point c. Therefore, using this technique the

rotational FRFs at point a are obtainable. However, the rotational transfer FRFs, such
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as. A;, A, and A,,, are still not available. To obtain these FRFs the following
method is suggested:

2
4 ;N
AR
b a C

structure

Figure 9-2. Generation of rotational FRFs using the finite difference technique

9.2.2 Measurement technique
Consider the structure shown in Figure 9-2.

1. Obtain A, , A,, and A,, using thefinite difference technique.
2. Obtain A, , A; and A,, using the finite difference technique.
3. Measure A;.

4. Attach an object (with a known mass and moment of inertia) at point b and obtain
ABY using the finite difference technique. Attach another object (instead of the
first object) at point b with the same mass as that of the first object but with a

different moment of inertia and measure A% (here ALY is different from

(34

A21 )

5. Attach an object (with a known mass and rotational inertia) at point a and obtain
Alt? using the finite difference technique. Attach another object (instead of the

first object) at point a with the same mass as that of the first object but with a

different moment of inertia and measure A%~ (here A%? is different from

7 (12)

A%,
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Figure 9-3 shows different stages of the measurement using this measurement

technique.
Hammer
y . :Dg |
b a Accelerometer
Haommer
2) il:g )
b Accelerometer e}
Hoammer
3) \tﬂ \:‘ 1
b a Accelerometer
Hommer
b izﬂ
4) . L |
a Accelerometer
Attached
object
Hammer
a
5) ibg a
p Accelerometer
Attached
object

Figure 9-3. Measurement stages for obtaining rotational FRFs

It should be noted that any method of generating the rotational FRFs is more
successful the fewer computation stages it has. The reason is that, owing to the
presence of noise and other systematic errors in the measurements, the results of the
computations in each step become less reliable. Thus, if a FRF can be obtained from
direct measurement, the risk of possible errors decreases. Moreover, it is assumed that
the attached accelerometer is so light that its mass-loading effect is negligible. The
above-mentioned measurement technique is based on the minimum possible number
of computation stages, and on the step-by-step correction approach. This means that
the masses (m) of the attached objects are the same although their moments of inertia

(I) are different.
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9.2.3 Generation of therotational FRFs

The procedure for generating all of the FRFs from the measured FRFs listed in the
previous section is:

1. In equation
@2 = A O A (9-6)
g /1 + Ay

A isknown because A, A,and A, are known:

Y _ (An)®
D= A A (97)

For two different objects with the same mass (m) but different moments of inertia: (1,

and 1,) A and AD.AD can be obtained from equation (9-6).
Then A, can be obtained from:

_ As A, (9-8)

Al = A 1/m+A,

A,, A, and A, areknownand A was obtained from the last stage and therefore
A, isobtainable.

2. In equation
34 — AQ _ ey (99
? 211+ AD
A isknown because A, A, and A, are known:
2
3 = _ (A34) _
A= BT 1 me A (3-10)

For two different objects with the same mass (m) but different moments of inertia: (1,

and 1,) AY and AY.AY can be obtained from equation (9-9).
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Then A,, can be obtained from:

Ay Ay (-11)

3= a _
2 = A 1/ m+ A,

A,, A, and A, are known and AYY was obtained from the last stage and therefore
A,, is obtainable.

3. Toobtain A,,we have:

Ao As (5-12)

W - A _
3 A23 1/m+A11

: : and are known. Therefore ADis obtainable. From step 1
3 2 3 1 3
@A was obtained. So A{} isobtainable.

M = A 4 A12-A14 (9'13)

W - A _ R
¢ = P 1/m+ A, Pos Y 1m+ A,

All of the elements on the right hand side of equation (9-13) are known; therefore
A, isobtainable. A,, is obtainable from another way. We have:

(3) — _ A34'A13 _
A,, A,, A, and A, are known. Therefore A{is obtainable. From step 2

AD . AL was obtained. So A is obtainable.

P Pos . .S

¥ - A — ~ !
4 A24 1/m+A33 A24 4 1/m+A33 (915)

Conseguently, A,, isobtainable in either of two different ways. Comparison of these

two derived FRFsof A,, can be away of checking the validity of the method.
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9.3 Validation of the method

9.3.1 Practical considerations

Although the method presented in the last section is algebraically correct, in practice
it cannot be applied without considering the limitations of the experiment. These

considerations are:

1. Sdlection of the attached objects

The attached objects should influence the structure rotationally and trandationally. If
the order of the changes of the measured FRFs is the same as the order of the noise
present in the experiment then nothing is generated but the noisy results. As most of
the information related to the dynamics of a structure is related to its resonances, the
additive elements should be designed in such away that considerable changes happen

around the resonance of the structure.

Moreover, the attached objects are assumed to behave as rigid bodies. This means
that the behaviour of the attached objects should be checked in the desired frequency
range. This can be done by comparing the behaviour of the objects on a known

structure.

2. Nodal points.

In order to generate the rotational FRFs it is necessary to choose suitable points on the
structure: namely, the location for the addition of the object and the locations for the
forcing and measurement of the responses. The selection of these locations has a
major influence on the quality of the results. Figure 9-4 shows the first bending mode
shape of a free-free beam. In this mode, a point D the translational motion is
maximum while the rotational motion is zero. If the extra object is added to the beam
at point D its rotational inertia does not have any effect on the vibration of the beam.
As a result, changing the rotational inertia property of the added object does not
change the measured FRF. On the other hand, in this mode, at points A and G, the

beam has no translational motion, while the rotational motion is maximum. If
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trandational receptance is measured at points A or G, the result is zero. Consequently,
if points A and G are chosen for placing the additive object, only the point rotational

FRFs are non-zero. In this case the only equations which are available are:

»_ A (A _
4) _ _ (A24)2 -

which give us only (A,,)*. Therefore, choosing points A or G will not simplify the

method.

M
P T~

Figure 9-4. First bending mode of a beam

In this mode, if points B and E are chosen for the test the result will be reasonable

because each of these points has both rotational and translational motion together.

3. Nonlinearity

The basic assumption of the method presented in this chapter is the linear behaviour
of the structure and the attached object. As was shown in chapter 7, if the structure or
the additive object shows any nonlinearity, the result of applying the methods such as
the one presented in this chapter will not be reliable. Therefore the behaviour of the

modified structure should be checked for signs of nonlinearity.

4. Noise

Noise pollutes the results of the computations at each step. One way of avoiding the
effects of noise is to regenerate the initial measured FRFs using curve-fitting

techniques.
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9.3.2 Numerical case study

A theoretical model of a beam was considered for the numerical validation of the
method. Table 9-1 shows the parameters of the beam. The model of the beam was

made in the same manner as was explained in chapter 3.

Table 9-1. Parameters of the beam

Length 0.7m

Height 0.0048 m
Thickness 0.0635 m
Number of elements 56

Mass of density 7800 kg / 7’
Mass 2.359 kg
Modulus of elasticity 2.1 x10"(N / m?)

Figure 9-5 shows the result of the FEM analysis of the third elastic mode of the beam
which is a 274 Hz. Points 9 and 33 were chosen to determine the rotational FRFs
using the method presented in this chapter. In order to estimate the rotationa
responses using the finite difference technique, point 10 was chosen to be close to
point 9, and point 34 close to point 33. It should be mentioned that the distance
between the points is important in the results of the finite difference technique.
However, the aim of this work has not been to find the optimum distance between the

points; this distance was chosen based on the work presented in [102].

6_9.1/(2/'\21 3~ 52

Q’JX
0

Figure 9-5. Third mode of the free-free beam
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Two different additive elements were chosen which have the same masses but

different moments of inertia. The parameters of these elements are:

Element 1: mass=0.024 kg, moment of inertia=51304 x 10°kg.n¥ ;

Element 2: mass=0.024 kg, moment of inertia=9.4733x 10°kg.nt .

Elements 1 and 2 defined above are assumed to behave as rigid bodies. The simulated
measurements were conducted by computing the FRFs following the measurement

technique stated in section 9.2.2. Figure 9-6 shows the changes in A,,, when

elements 1 or 2 are added to the beam at point 33. Figure 9-7 shows the changes in
A,; 5, When elements 1 or 2 are added to the beam at point 9. These figures show that

the added elements have made reasonable changes in the FRF around the resonance of

the structure.

The FRFs were generated according to the procedure stated in section 9.2.3. Figure 9-
8 compares the estimated rotational FRF Ay .. (here “9R” refers to the rotational

direction 6, at point 9) using the finite difference technique and the exact ARE.

Figure 9-9 compares the estimated rotational PR, using the finite difference
technique and the exact FRR,;,,;. Figure 9-10 compares the exadt .., and
generated ;.. The two FRFs coincide around the resonance area although some

part of the generated FRF shows a considerable difference from the exact FRF at the
frequency that the resonance of the modified beam exists. The same situation happens

for the FRF Ay ,, as shown in Figure 9-11. These differences are due to the

approximate nature of the method of the finite difference technique for estimating the

rotational FRFs.

Figure 9-12 compares the generated FREg . With the exact FRF. As was shown

in section 9.2.3 this FRF can be computed in two different ways. In the resonance
region the FRFs coincide, although there is a considerable difference in one part of
the FRF. Since the result at the resonance frequency is acceptable, we have most of

the necessary information about this mode.
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Accelerance (dB re 1 ms

Frevpicras (HE)

Figure 9-6. Changes in A, ,, when Element 1 is added to the structure at point 33

(dashed) and when Element 2 is added to the structure at point 33 (dashdot) compared
with the exact FRF (solid)
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Frequency (Hel

Figure 9-7. Changes in A,;,, when Element 1 is added to the structure at point 9

(dashed) and when Element 2 is added to the structure at point 9 (dashdot) compared
with the exact FRF (solid).
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Figure 9-8. Comparison of the exact A, 4, (solid) and estimated A, 4, (dashed) using

the finite difference method
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Figure 9-9. Comparison of the exact A,;...(solid) and estimated A,; ... (dashed)

using finite difference method

206



Chapter 9

Generation of RDOFs by modifying of the test structure

Agrulvrmcr (dB e | =X Mm|

Figure 9-10. Comparison of the exact A, ., (solid) and generated A, .. (dashed)
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Figure 9-11. Comparison of the exact A, 4 (solid) and computed A, . (dashed)
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Figure 9-12. Comparison of the exact A, 4g(solid) and computed A,y o, (dashed
and dashdot)

9.3.3 Experimental case study

A simple beam was used for the experimental validation of the method presented in

this chapter. The beam was made of mild sted, and had dimensions

6.35% 0.48 x 70cm. Figure 9-13 shows the experimental set-up for the hammer test of

the beam. The beam was discretised into 57 points and was tested in a “free-free”
configuration, suspended by soft elastic cords with the stiffness o4 @ttached

to the beam at points 6 and 52. Figure 9-5 shows the theoretical mode shape of the
third mode of such a beam. As shown in this figure, points 6 and 52 are translational
nodes, and as a result are suitable for the attachment of the suspension springs to fulfil
the free-free condition in this mode. Moreover, this figure shows that points 9 and 33
are far from nodal points (rotational and translational); and consequently are suitable
for applying the method presented in this chapter. Therefore, points 9 and 33 were
chosen in order to generate all of the FRFs in the region of the third mode of the
beam. To estimate the rotational FRFs using the finite difference technique, points 10

and 34, which are close to points 9 and 33, were considered for the measurement.
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Figure 9-13. Experimental test set-up for the measurement of A,,,, when an extra

element is added to point 9.

The beam was excited by a hammer at its neutral axis and the response was measured
by alight accelerometer of mass 0.004 kg. When the response was measured at one of
the points 9 or 10 or 33 or 34, three dummy masses, each of 0.004 kg, were attached

to the beam at three other points to avoid reciprocity problems.

The extra elements which were due to be added to the structure at points 9 and 33
were chosen by trial and error. After trying different elements, two cylindrical
elements with the same masses but different moments of inertia were chosen. The

properties of these elements are:

Element 1: Shape: Cylinder ; Diameter = 0.007 m; Length = 0.08 m; Material: Stedl;
Mass = 0.024 kg; Computed moment of inertia= 51304 x 10 kg.nm?
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Element 2: Shape: Cylinder ; Diameter = 0.006 m; Length = 0.1088 m; Material:
Steel; Mass = 0.024 kg; Computed moment of inertia= 9.4733x 10 kg.m?

Here, the second moment of inertia quoted is with respect to the diameter of the
cylinder at one of its ends namely the place where it is attached to the structure.

Figure 9-14 shows changesin A,;,; when these two elements were added to point 9.

Figure 9-15 shows changesin Ay, when the elements were added to point 33. As the

elements have the same mass, the difference between the two FRFs of the modified
beam is related to the moment of inertia of the added elements. It can thus be
concluded that the chosen elements are suitable for the test. Moreover, the measured
FRFs show sufficient changes around the resonance of the beam, which is the most

important areain the test.

The additive elements are long with respect to their cross section area, as a result of
which two problems may arise. Firstly, the elements may not exhibit rigid body
behaviour in al of the frequency points. Secondly, the addition of these long elements
may result in nonlinear behaviour of the modified structure due to large deflections of

the elements. Both of these problems should be checked before applying the method.

Figure 9-16 shows the theoretical result of the point rotational accelerance of one of
the ends of the additive el ements. This figure indicates that the rotational behaviour of
these elementsis not constant for all of the frequencies. However, the point rotational
accelerance of the additive elements can be approximated at 270 Hz by a constant.
The theoretical results of the models of these elements showed that an approximate

value of the second moment of inertia of element 1 at 270 Hz was 6 x 10°kg.n?; for

element 2 thisvalue was 2.3x10™*kg.nr.

In order to check the possibility of nonlinear behaviour, the coupled structure of the
beam and element 2 (which is longer) was tested in a shaker test. The shaker excited
the structure at point 9 while element 2 was attached to the beam at point 33. The
structure was excited by three different levels of force and A,y was measured. Figure
9-17 shows the result of the test. No sign of nonlinearity is present around the third

mode of the beam (276 Hz). The test of the nonlinearity at the other points and using
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element 1 also showed no sign of nonlinear behaviour; therefore the results of the

computations are considered not to be vulnerable to nonlinearity.

As noise pollutes the result of the computations, all of the FRFs present in the
computations were regenerated in the frequency range of 260-290 Hz using ICATS
program. The result of the regeneration was carefully controlled to match the raw

data. Figure 9-18 shows the result of the regeneration of three of these FRFs.
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Figure 9-14. Changesin A,, ,; when an extraelement is added to point 9.
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Figure 9-15. Changesin A,, when an extraelement is added to point 33,
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Figure 9-16. Point rotational accelerance of the Elements 1 and 2
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Figure 9-17. The test of nonlinearity in the measurement of A,, when Element 2 is

attached to point 33 (F,, F, and F, aredifferent level of forces).
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All the required FRFs were measured following to the measurement technique stated
in section 9.2.2 and the rotational FRFs were generated following to the procedure
stated in section 9.2.3. Figure 9-19 shows the two computed rotational FRFs (the
FRFs were regenerated using ICATS), Ayz..z- As was presented in the method,

Ayr 3r Can be obtained in two different ways which should coincide around 276 Hz.

However, a comparison between these two computed FRFs in Figure 9-19 shows a
dight difference. One way of assessing the success of the method is to conduct an
internal check of the generated FRFs using their modal constants. In principle, the
following equations should hold between the modal constants of the measured FRFs

of the beam:

(A g0r)-(5A 0 .53r)
3A9R’33R — 3" *9,9R/"\3" '9,33R (9-18)
3A99

_ (3A 9R,33) (3A 33R,33)

3A9R,33R -

(9-19)

3A 33,33

where A isthe modal constant for mode r and coordinates j and k. On this basis

the required FRFs for equations (9-18) and (9-19) were regenerated and their modal
constants derived using the ICATS program. Table 9-2 indicates the modal constants
of these FRFs for the third mode of the beam. The result of the calculation for the
right hand side of equation (9-18) is 5x 10° compared with55x10° for the left hand
side. For equation (9-19) the result of the right hand side of equation is 59 x10°
comparing to 55x10° for the left hand side. The results of this procedure show that
the two sides of equations (9-18) and (9-19) above are close together, demonstrating
that the method is valid and can be used for estimation of the rotational FRFs around
the resonance area of the structure. However, the approximate nature of the finite
difference technique and the experimental errors (systematic and random) present in
the measurement detract from the reliability of the generated FRFs.
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Figure 9-19. Two regenerated FRFs of Ay 5.0

Table 9-2. Modal constants of the regenerated FRFs

No. | FRF Frequency (Hz) Modal Constant
1 Ay 276.38 1.1E6
2 Asgr 276.37 25E7
3 Ag s 276.38 1.9E6
4 Ay r 276.38 34E7
5 A, wr 276.37 22E7
6 Avrss 276.26 33E7
7 Arar (1) | 2763 55E 8
8 Arar (2 | 276.22 6.1E8
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9.4 Test strategy

In order to apply the method presented in this chapter for generating the rotational
FRFs the following procedure is suggested for the structure shown in Figure 9-20:

1. Obtain the mode shapes of the structure by conducting a conventional modal test

on the structure or by using the FE model of the structure.

2. Obtain the nodal points (trandational and rotational) of the structure for a
particular mode from the corresponding mode shape. It should be noted that

rotational nodal points are obtainable using the finite difference technique.

3. Choose two points on the structure which are not close to the noda points
(trandational and rotational).

4. Select two additive elements with the same mass but different moments of inertia
so that by adding of them to the test structure considerable changes happen around
the resonance of the test structure. These additive elements should be chosen by

trial and error.
5. Check the behaviour of the modified structure for signs of nonlinearity.
6. Test the structure following the measurement technique stated in section 9.2.2.

7. Regenerate the measured FRFs using curve-fitting techniques to avoid the effects

of noise on the computations.
8. Generate the rotational FRFs following the procedure stated in section 9.2.3.

9. Check the results by conducting an internal check of generated FRFs using their

modal constants.
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Figure 9-20. Generation of rotational FRFs of a structure

9.5 Conclusions

In this chapter a method was presented for the generation of the transfer rotational

FRFs by modifying the test structure.

It was shown the problem of the rotational excitation of the structure can be
eliminated by adding objects to the structure and using correction methods

presented in the previous chapters.

The results of the theoretical simulation showed that the generated FRFs are
acceptable around the resonance area of the structure although some part of the
generated FRFs show considerable difference from the exact FRF due to the

approximate nature of the finite difference technique.

The method was successfully applied to experimental data for a free-free beam
and the interna check of the generated FRFs demonstrated the validity of the
method.
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Conclusions and suggestions for future work

10.1 Conclusions

This section presents a summary of the conclusions of the work presented in this thesis.

10.1.1 Introduction

The sources of a lack of precision in modal testing have been categorised in three
groups:. (i) experimental data acquisition errors (ii) signa processing errors and (iii)
modal analysis errors. This research was mostly dedicated to the first category of these
sources of errors and particularly on the sources of errors caused by mechanical devices
such as. accelerometers, suspension springs and stingers. A detailed literature survey
indicated that the current approach used to resolve the problems which these mechanical
errors cause is basicall@voidance’ by choosing suitable test equipment so that the

probable errors become minimal.

A new trend to deal with the problem of the mechanical errors is calculating the exact
values of the FRFs by repeating the measurement in a number of different configuration;
each configuration consisting of the structure with one or more of its boundary
conditions changed . The main emphasis in this thesis was to use this trend in order to
develop new methods which permit the acquisition of data of high quality and to devise
methods to specify the accuracy of the measured data. However, further investigation
showed that this new trend is applicable in other fields such as generation of rotational
FRFs.
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10.1.2 The effects of mechanical devices on the measured FRFs

1) Correction of the mass-loading effects of transducers

A new method was developed for the correction of the mass-loading effects of the
transducers. It was shown that if an FRF measurement is repeated using another
accelerometer with a different mass, the exact value of the FRF can be obtained using a
series of straightforward calculations. Moreover, the driving point FRF at the point of
the attachment of the accelerometer is obtainable through this process. The method was
successfully applied to analytically-generated test cases and it was shown that, in the
presence of noise, this calculation becomes more sensitive to noise when the masses of
two accelerometers become closer together. Moreover, the method was successfully
applied to experimental data from test on a free-free beam. Based on this approach, a
new method was developed for estimating the exact natural frequencies of the structure.
A comparison between the exact natura frequencies of the structure and those of the
modified structure can show us the quality of the measurement. Moreover, it was shown
that the calibration of the measurement set-up can be checked using the method

presented for the correction of the mass-loading effects of transducers.
ii) Correction of the suspension effectsin modal testing

A method similar to that developed for the correction of the mass-loading effects of the
transducers was developed for the correction of the effects of the suspension springs on
the measured FRFs. It was shown that for the simplest case where the test structure is
suspended from one spring, the FRFs can be corrected if the structure is tested three
times using different suspension springs with different stiffness in each test. Moreover,
the driving point FRF of the point of the attachment of the spring can be obtained
through the correction process. A humerical case study demonstrated the validity of the
method. However, in the presence of noise, as the suspension springs become stiffer, the
results of the presented correction method become more contaminated. The method was
successfully applied to the experimental data from tests on a cantilever beam. Further, an

approximate method was introduced to assess the quality of the measurement relating to
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the effects of the suspension spring based on the changes in the natural frequencies of

the structure.
i) The effects of stingers on measured FRFs

It was proven that in a shaker test, the maximum error on the measured FRFs are
associated with the antiresonances of the rotational driving point receptance of the tip of
the stinger on the structure side. A new model was presented for the shaker-stinger-
structure system in which the test structure was considered as a rigid body that moves in
the transverse direction. This new model alowed us to assess the effect of misalignment
of the stinger on its performance. It was shown that when there is a misalignment
between two ends of the stinger, the antiresonances of the stinger shift to other
frequencies and the measured FRFs are biased. As a result, a maximum alowable
misalignment of the stinger was introduced based on the changes in the first elastic
antiresonance of the stinger. The presented model was used for the calculations of the
antiresonances of the shaker-stinger-structure system which was successfully validated
by the experimental measurements made on a free-free beam. Based on this study a

design procedure was introduced which followed by an example.

Moreover, it was shown that the effects of the stinger on the measured FRF can be
checked by repeating the test with another stinger with the same diameter but dslightly
different length. A comparison between the measured FRFs using these two stingers

shows the possible errors due to the antiresonances of the stinger.

10.1.3 Correction in morethan one DOF

When a test structure is modified in more than one DOF, the measured FRFs can be
corrected if the measurement is repeated in a number of different configurations; each
configuration consisting of the system with one or more of its boundary conditions
changed. Basically, two different approaches can be used for the correction of the effects
of the mechanical devices on the test structure in more than one DOF, namely the step
by step approach and the direct approach. In these approaches the driving point FRFs

related to the degrees of freedom of the attachment of mechanical devices can be
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computed without actually having to measure them. However, it was shown that the
direct approach produces meaningless results if the matrix which is built based on the

receptances of the attached objectsis rank deficient.

This study provided a mathematical basis for the correction of the effects of the
mechanical elements on the test structure in more than one DOF. However, in practice,
applications of these methods are limited. The application of the methods presented in
this part of the research was in chapter 9 where the test structure was modified by the
mass and rotational inertia of an attached object in two DOFs in order to generate the
rotational FRFs.

10.1.4 The effect of nonlinearity on the correction methods of the

mechanical devices

The main assumption in the correction methods presented in this work is that the test
structure and the attached elements exhibit linear behaviour. In practice, real structures
are seldom linear. If the structure or the attached elements exhibits nonlinear behaviour,
correction methods show different results using different sets of data corresponding to
different configurations of the test structure. When a mechanical element is attached to a
structure, the additional mass and/or stiffness of the attached element acts as a passive
force. As aresult, different mechanical elements produce different passive forces on the
nonlinear structures and the results of the correction are different for these mechanical

elements.

In practice, there are other sources of systematic errors, such as leakage and phase shift
between the force or acceleration signal which may produce the same effects on the

correction methods.

10.1.5 Generation of thewholetrandational FRFs from measurements

of one column

When the number of DOFs is large, measuring the whole FRF matrix is difficult. As a

result, the elements of one row or one column of the FRF matrix are measured and the
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rest of the FRFs are synthesised from the measured ones using the identified modal
properties. However, because of the limitation of the frequency range of the
measurement, estimation of the unmeasured FRFs is not accurate. Evaluating the whole
FRF matrix from measurement of some elements of the FRF matrix by modifying the
structure at its boundaries can eliminate the problem of out of range modes. A method
was developed to generate the all the trandational FRFs using one accelerometer and

one dummy mass.

The equations which include the effects of noise on the computed FRFs show that by
increasing the mass of the accelerometer and that of the dummy mass, the effects of the
noise on the computation of the FRFs decreases. A numerical case study proved the
validity of the method. The method was successfully applied to the experimental data of
a free-free beam. However, the level of noise was considerable at the frequency points

out side the resonance regions.

10.1.6 Generation of the rotational FRFs by modifying the test

structure

The aim of this part of the research was to eliminate the need of applying the moment
excitation in order to generate rotational FRFs of the type displacement/moment and
rotation/moment using the correction methods presented in this work. It was proven that
in this procedure we still need to measure rotational responses. Therefore, Finite
difference technique and correction methods were used to develop a method in order to

generate the rotational FRFs related to two separate points on the structure.

The method was applied to an analytically-generated test case. The results were accurate
around the resonances of the analytical model but there were some errors in parts of the
frequency range due to the inaccuracy of the finite difference technique. In an actual test,
there are some potential problems due to the limitations of the experiment and should be
considered cautiously in the test. These problems are: selection of a suitable additive
object, nodal points, nonlinearity and noise. Nevertheless, the method was successfully
applied to experimental data for a free-free beam. The internal check of the generated
FRFs demonstrated that the method is valid and applicable.
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10.2 Recommended test strategy

It is usually prudent to carry out a preliminary limited modal test to help judge the
quality of the modal test and assess the nature of the structure being tested. Based on the
results of this preliminary test the measurement procedure can be planned. In the view of
the experience gained during this course of this research, and of the case studies
presented in this thesis, the following test strategy for the measurement with respect to

the mechanical devices errorsis recommended.
1) Mass-loading effects of transducers on the measured FRFs

Add an extra mass to the accelerometer and assess the quality of the measurement by
estimating the exact natural frequencies of the modified structure as explained in chapter
3. For a mode of the structure, if there is an unacceptable difference between the
measured natural frequency and the exact natural frequency of the structure, use the
correction method presented in chapter 3 to cancel the effect of the accelerometer on the
measured FRFs.

i) The effect of the suspension spring on the measured FRFs

Double the stiffness of the suspension spring and assess the quality of the measurement
by estimating the natural frequencies of the structure as explained in chapter 4. If the
quality of the measurement is not acceptable, reduce the stiffness of the suspension
spring or change the suspension point of the structure to another point or use the

correction method presented in chapter 4.
Iii) The effect of the stinger s on the measured FRFs

Design the stinger based on the maximum input force and the minimum and maximum
required measurement frequencies as was explained in chapter 5. Determine the
maximum allowable deformation of the stinger Test the structure using the designed
stinger considering the maximum alowable misalignment of the stinger. Check The
quality of the measurement by repeating the measurement using a stinger with the same

diameter but dlightly different length.
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Iv) The effects of the mechanical devicesin morethan one DOF

When the test structure is modified in more than one DOF (which is usually the case in
modal testing) the abovementioned test strategy for an individual mechanical device
should be accomplished for al of the modified DOFs one by one. Clearly when the
effect of a mechanical device on the measured FRFs at one DOF is reduced, the total
quality of the measurement improves. It is not recommended to use correction methods
for more than one DOF because as was shown in chapter 6 when the test structure is
modified in two DOFs at least 7 different measurements with different configurations
are needed to obtain the exact FRF. In practice, conducting this number of tests with
different configurations is not efficient. Moreover, the effects of noise and other errors

pollute the results of the correction due to the large number of the computation levels.

Instead, when the structure is affected unacceptably by suspension springs and an
accelerometer in more than one DOF, we can reduce the effect of the suspension springs
by using softer springs or changing the suspension points to the nodal points of the
modes of interest and use the correction method to cancel the mass-loading effect of the

accelerometer.

10.3 Summary of contributions of present work

A brief overview of contributions made in this thesis to the subject of * High quality

modal testing methods’ is given here.

* A new idea to deal with mechanical errors was introduced and demonstrated using a

simple example (section 1.9).

* A detailed literature survey was carried out and all the major sources of a lack of
precision in the measurement process related to applied mechanical devices were

presented in a consistent notation (chapter 2).

 The problem of the mass-loading effect of transducers was revisited using the
SMURF method and a general solution for the correction of these mass-loading

effects of the transducers was presented. Based on this method, a new approach for
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assessing the quality of the measurement due to the mass-loading effect of the

transducers was suggested (chapter 3).

* The method for the correction of the mass-loading effect of transducers was used to
develop a new method to check the calibration of the measurement set-up (section
3-4).

* The problem of the suspension effects in modal testing was redefined using the
SMURF method and a correction method was developed for this case. Moreover, the

effect of noise on the computations was investigated (chapter 4).

* An approximate method was suggested to assess the quality of the measurement for

the case that the test structure is affected by one suspension spring (section 4.4).

* A new model was introduced for the shaker-stinger-structure system. This model
allowed us to assess the effect of the misalignment of the stinger on its performance
(section 5.3).

* A maximum alowable deformation for the stingers was introduced to avoid of
biasing the measured FRFs due to the deformation of the stinger (section 5.5).

* A new approach was introduced to assess the quality of the measurement due to the

effects of a stinger on the measured FRFs (section 5.6).

» For the case that the test structure is modified in more than one DOF, two different
approaches were suggested namely: step by step approach and direct approach.
Moreover, it was shown that in direct approach the results can be meaningless due to

the rank-deficiency problem (chapter 6).

» The effect of the nonlinearity on the correction methods of the mechanical devices
was investigated and it was shown that the results of the correction changes by using

different set of data corresponding to different configurations (chapter 7).

* Finite difference technique and the correction methods were applied for the
generation of the rotational FRFs and elimination of the need to apply moment
excitations (chapter 9).
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10.4 Suggestionsfor future studies

Whereas extensive research work on improving the acquisition of datain high quality of
modal testing has been carried out in this thesis, the study undertaken has revealed that
some further development may still be necessary and of interest. Areas for possible

further studies are summarised below:

» The correction methods can be investigated further to extend their applicability in

conventional modal testing.

» The success of the correction methods depends on the level of experimental noise,
and hence further developments of experimental equipment to reduce the level of
noise are of considerable importance. Development of a smoothing technique to

reduce the effect of experimental noise on the FRFs s required.

* Further investigation is necessary on the experimental determination of the
displacements (rotational and trandational) in other DOFs following the techniques

suggested in present work on the experimental determination of rotational properties.

» The suggested correction methods allows us for the measurement of the modes
which are normally outside the measurement range. Investigation is necessary on this

topic to verify of potentially important out of range modes of the test structure.

» Another interesting topic to be investigated further relates to the determination of the
modal properties of the structures possessing close modes. In this case, the close
modes can be separated by modifying the test structure and then the measured FRFs

can be corrected using correction methods suggested in the present work.

» The correction methods presented in this work can be investigated further to extend

its applicability to the Multi-Input-Multi-output (MIMO) techniques.
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10.5 Closure

The primary aim of this work was to improve the current measurement techniques and to
develop new ones which permit the acquisition of data in high quality and to devise
methods to specify the accuracy of the measured data in a conventional modal test. This
was achieved by critical investigation of existing methods and by exploring new

techniques and arecommended test strategy has been presented in this thesis.

A summary of conclusions and contributions showed the advances made in the
measurement techniques. Not surprisingly, however, there is still scope for further study

to improve the accuracy of the measured data.
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Appendix A

The effects of mechanical devices on thetest structure

Reminder of Nomenclature

a; measured receptance of amodified structure

a; receptance of the attached mechanical element at DOF i

1. Introduction

In this appendix the SMURF method is used to analyse the general case of the
modification of a test structure by mechanical devices. By mechanical devices we
mean the extraneous objects which are attached to the test structure to conduct the

modal test including suspension springs, transducers and stingers.
2. Modification of the test structure by mechanical devices

For the general case, a structure may be modified by addition of the mass and
rotational inertia of an attached object, a linear spring or a rotational spring. The
connection of these mechanical elements can be at any point on the structure and at
any DOF (Three trandational DOFs and three rotational DOFs). Figure 1 indicates a
typical example of a structure which has been modified by mechanical elements. The
boxes are the indications of the extraneous systems which can be an axial spring, a
rotational spring, the mass property of an extraneous object , the rotationa inertia
property of an extraneous object or a combination of them. Only the receptances of
the extraneous systems has been shown in the boxes. In Figure 1 numbers 1,2,3,4,5,6

and 7 refer to the number of modification DOFs.

In the system shown in Figure 1 structure C has been modified in the x direction at
DOFs 1, 3, 4 and 6. The structure has been modified in the y direction at DOF 5 and
in the z direction at DOF 2. At DOF 7, the structure has been modified rotationally in
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the 6, direction. It isimportant to note that although for example DOFs 5 and 6 are at

the same point but they are different in direction. The structure is excited at DOF | in
the y direction and the response is measured at DOF k in the y direction. We show
displacements and rotations in all directions by X to derive the general form of the

equation of amodified structure.

%33 ‘a4 66
af , o Xp R ()
11 s 6
X, 'R, (0 6
Xy lR,(w)  XqlR,(w)
| R (w)
X, R,(OJ) X3 Rg(w) X4 R4 (CO) 6 6 ’
6 s Xs 1
X, | R 4 5 s 55
1%(»/3 R (0) R_(«)
1 C l X

l
X7 (R (w) kj
R |(s) Q ’ X Fie ()

. 2 k x
r 2= e
X)7 ) Xy Ry(w) Yy
0(77 s /
a R, (w)

22

~

Figure 1. A typical example of a modified structure

As is usualy the case in modal testing, the structure and the additional systems are
presumed to be linear. For the general case, changes in a Frequency Response
Function (FRF) of a structure due to addition of extraneous objects can be computed

asfollows:

The equations governing the modified system are :

X, = ayF +a,R +a,R, +0Fa, R
= ayFotapR +a,R, I a, R
» =y R tayR +a,R +IFa, R

0 0 (1)
0 0
0 0

IQFDDDDDQIQF

n :anka +aan1+an2R2 +|:|I|]}anan

The equations governing the additional systems are :
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OX; =anR
D | J— I I
DXZ — Y22
5 U @
5 0
[ 0
D I I I
Dxn = anan
The constraining equations are :
OX{ =% ORI+R =0
D | — ! —
X5 = %, R +R =0
o 8o ®
g O g U
O O O 0
l
Ki=x,  R*R=0
where X,, X,, ..., X, and X,, X,, ..., X, are unknown displacements or
rotations andR , R,, ..., R, andR’, R, , ..., R, are unknown reaction forces. From
equations (2), (3) we have :
OX, =-a,R
2 = —0xR,

(4)

0
[l
0
[l
X, =-aR

Inserting equations (4) into equation (1) results in :
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X, =a,F +a,R +a,R, +0Fa, R

o,
D—allRl = alka +allR1 +0’12R2 +Dm}alan
D_aész :0'2ka +0'21R1+O'22R2 +D]]E|-0’2an

U

0 O O (5
U 0 0

H

0 0 0

E_ar'mRn = anka +aan1 +an2R2 +|:|I|H—anan

or.

aIka +aIlR1 +aI2R2 +|:|I|E|-aln|:\)’1
lka +(all+a£1)R1+alZR2 +|:|I|E|-alan

n -
Q

=y R tayR +(ay, +03,)R, +IFa,,R,
U 0 (6)
0 0
0 0

@DDDDDQ%DQ

= ank I:k +aan1 +an2R2 +|:|I|H—(ann +ar:n)Rn

Equation (6) can be written in matrix form as::

BKB Lo, a, a, o a, SIISFKB
DO |:| 1k all + a:ll.l alZ . . . aln DDR1D
BO B gYZk aZl aZZ + aéZ D D D aZn E%RZS
0O U0= B H 0 0 H ( al U0 7
E DB B 0 0 0 0 0 % DB
ooo poO O O O O muo
HO H %ynk anl an2 D D D ann + ar'm %H

If matrix [a] isdefined as:

mlk all alz aln B

1k all + a]'.l alZ . . . aln |:|
mZk a21 a22 + aéZ D D D aZn D
0 0

[al=QC 0 0 0 0 g 8)

B 0 0 0 0 0 B
noU 0 O O U
%Jnk anl anz D D D ann + ar'wn E

then:
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B

I:II:II:II:II:II%II:II:II:II:II:I
2,
(|
|
|

(9)

AOOOOOCOOoOnd
o O O O o O

Tofind arelation between X, and F, , we have:

F. O

B

I o

O000=[a]™ (10)

OOO0OOO0OC0Odd
O OO oOg © ©

Theinverseof [a]is:

mll ClZ D D Cln%
B % 006
[a]_l——DD O 00 odg (11)

o 0
0 O 00 Of

@nl Cn2 0o Cnna

Inserting equation (11) in to (10) for the first row of the resulted equation we have:

Su X, =F, (12)
lal
or .
X _lal (13)
Fo

X . L . g
F—' issimply a,, , which is the measured receptance when the structure is modified

k

by extraneous mechanical devices.
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. _lai (14)
oo
or:
i an ap 0o Ay
ay ay*ay ap 0o ain
2P 0y ayp+a, U0 U5n
U U U g d U
U U U g d U
a . _ a.. a. a., g d a., +0’r'm (15)
a all + a:l’.1 a12 D D aln
aZl a22 + aéZ D D aZn
U U 0 U
U U 0 U
ay a, O0a,+a,

Equation (15) is the general equation for changes in the FRFs of a structure when it is
modified with different mechanical elements connected at different DOFs to the

structure.

As an example, when the structure is modified by two mechanical elements, Equation

(15) issimplified as [Chapter 4]:

_ [ay(ay +a1) —ayanla,
(azz + aéz)(an + a:ll.l) — a0, (16)
[axa, —ay(ay +ax)lan
(azz + aéz)(an + ail) —apay

ay = ay

If these two extraneous elements are two masses the resulting equation is what was
driven in chapter 8, and if these elements are the mass and inertia of a T block, the
resulting equation is what was driven by Maia, Silva and Ribeiro in [37] using
coupling/uncoupling techniques. In both cases the form of the equation is the same as
equation (16). Therefore, what is important in this study is the form of the equation

and not the type of the extraneous elements.

233



Appendix B
234

Appendix B

Estimation of the FRFsof a grounded structure

In chapter 6 it was shown that how the measured FRFs of a structure which is affected
by mechanical devices can be corrected by modifying the structure at its boundaries.
The solution to this correction method produce FRFs of the structure with free-free
boundary condition. However, this solution can be applied for the estimation of other
boundary conditions. In this appendix the method suggested in chapter 6 is developed
to obtain the FRFs of the structure which is grounded at some of its degrees of
freedom.

The example of section 6.3.2 of is considered here again. From equation (6-27) for a

structure which is modified in two DOFs we have:

X8y X8, + X8, (1)
X8y + X8y + X85+ 4y

a9 =X —

In which x's are unknowns and a’s are known parameters.

Figure 1 shows a beam which has been grounded at DOF 3 (transverse direction) or in

other words has been pinned at pdint

[ ® [ [ ® »
17 138 15 17 19 21 TDOF's
0 12 14 16 18 20 22 RDOFs

Figure 1. Computation of the FRFs of a pinned beam using correction method

( TDOFs = Trandational Degrees of Freedom , RDOFs = Rotational Degrees of Freedom )

234



Appendix B
235

When the receptance of the one of the extraneous elements in a DOF is zero it means
that the structure does not have any motion in that DOF or it is grounded on that
DOF. Conversely, when the receptance of one of the extraneous elements is o
(infinity) it means that the structure is free in that DOF. To ground DOF 3, while

DOF 4 isfree, the conditions are:

sy =0
[p"'m = (2)
from equation (6-27) we had:
0O a=1
Ha,=a;
g s ©)
| a; =0ay
@4 =050,
Inserting (3) in (1), theresultis:
oy X + % (%) + X:(0i) (4)
a79 - X7 ' ' 1yl
Xy X (A35) + X6 (Aas) + (A5e024)
Now if conditions (2) is applied in equation (4), we have:
X, ®)

9 =y =3
ay;, =X
6

in which ag, refers to the FRF of grounded structure. Figure 2 shows the comparison

of the exact FRF of the pinned beam which is computed by the elimination of the
DOF 3 in the impedance matrix of the beam and the computed FRF using equation
(5) and the answers to the equation ( 1) in chapter 6.
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Ewmacl FRF [l
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Figure 2. Comparison of the Computed FRF of the grounded
structure and the exact FRF

In this appendix, the correction method suggested in chapter 6 has been developed to
produce grounded condition of a test structure by a series of different configurations
of the test structure. The method is more reliable than conventional test of a grounded
structure because the test structure with the unknown boundary conditions is replaced
by a known boundary condition which does not contaminate the modal test results

with fixture coupled modes or boundary condition uncertainties.
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Matrix Properties

1. Matrix norms

The norm of a matrix is a function of the elements of that matrix which reflects the

“size” of the matrix. The most common matrix norms are the Frobenious norms,

3 ()

A= S laf
=0 Nl
=D ;a, E
and
2
A =07 +02 +0 0 B o @
where o, are the singular values o]
and the p-norms,
| A 3
IAl, = sup=——
e N
from where,
- 4)
IAl, = max y [a,
L ®)
A, =max Y fa,|
]=1
and
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|Al, = [max. igenvalue [ A"[A]] 2=0, (6)

An important property of the Frobenious norms is that they are invariant with respect
to orthogonal transformations. Thus orthogonal transformations just rotate the original

matrix without changing its norm.
2. Therank of amatrix

Therank of amatrix (r) isthe number of linearly independent rows (and columns) in

agiven matrix. Some of the rank properties of amatrix are:
1. risapositiveinteger;

2. when therank of asquare matrix is equal to its number of rows (or columns), then

the matrix isnon-singular i.e., itsinverse exists and is said to have full rank

3. when a matrix is not square, the rank of that matrix equals or is less than the

smaller of its number of rows or columns.

4. when the rank of a matrix is not zero, there is at least one square submatrix of

that matrix having order of r ( rank of the matrix ) and is not singular.
2. The Singular Value Decomposition (SVD)

The SVD of an mxn real matrix [A] is expressed by:

[ Al = [U Tl Zlien [V 1 (1)

where [U] and [V] are orthogona matrices, i.e:

[UT'U]=[U][U]" =[VI'[VI=IVIIV]T =[1] (8)

and

[UI" =[U]™ and [V]" =[V]™ (9)
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[Z] isarea matrix with elements 0; = o, fori=jand 0; =0 for i # j. The values

o, are called singular values of matrix [A]. Singular values can be arrenged in

decreasing order (0, >0, >[» 0, ). Thus:

w, 0 0 0O
0 0
DO o, U OD
00 0 o0
_ (10)
[21=0y o o 0,0
0o - - _O
0 0

The value of the rank is equal to the number of nonzero singular values. The
advantage of using the SVD to calculate the rank is that if arow is not totally linearly
dependent instead of zero a small value for the smallest singular value will be
obtained and we have to compare this small value with the other singular values. A
reasonable criterion for the acceptance or regjection of small singular values is to

calculate the consecutive ratios of the singular values, o,/ 0,, 0,105, ... ,0,., 10,
If some of these ratios are very small compared with the others, they are not

acceptable.

If [A] is a complex matrix, then equation (7) becomes:

[A]mxn = [U]me[z]mxn[\/]r:'xn (11)
where the superscripd denotes complex conjugate (hermitian) transpose. Ngw [

and V] are unitary instead of orthogonal, i.e:

[UI"[U] =[U][U]" =VI" VI =[VIIV]T =(1] (12)

[UT" =[U]™ and [V]" =[V]™ (13)

The singular values of a complex matrpd], are the non-negative square-roots of

the eigenvalues of the matiid]"[ A] and are always real.
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3. Condition Number

In general, matrices are not diagonal but using SVD, we have the product of two
orthogonal matrices and a diagonal one. As orthogonal matrices preserve norm , the
norm of a matrix will be the norm of matrix [Z] in the SVD. So, the matrix of the
singular values can give us an indication about ill-conditioning. The ratio of

0.in | 0. iS@Nindicator of potential computational problems. The condition number
of amatrix istheratio o,,, / 0., Whereo ., isthelargest singular valueand o, is

the smallest non-zero singular value of the matrix. A high condition number reflects

an ill-conditioned matrix.
4. The Pseudo-inver se of a matrix

The matrix [A]"wm is called pseudo-inverse of the matrix [ A] if the following

mxn

condiitions are satisfied:
1. [A[AI'TAI=[A

2. [AI'TAILAI" =[AI"
3. [AI[A]" issymmetric
4. [A'[A] issymmetric

If [A] is square and non-singular, then [ A]* =[ A]*. The pseudo-inverse is related to
the least-square problem , as the value of {x} that minimizes [[Al{x} ~{b}|* in

equation [ A] .. {X} .., ={b}, - Thiscan begivenby {x} =[ A]"{b} .
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The ANSY Smoded of the stinger

/ The modéel of the stinger
/FILNAM ,beam-b

ITITLE,Stinger

/prep7

/com M1 = mass of the structure
/com J1 = second moment of inertia of the structure
M1=10.5

J1=0

/com M2 = total mass of the shaker for non-axial vibrations

/com  of the stinger and the mass of the cail of the shaker

/com  for the axial vibration

/com J2 = second moment of inertia of the total mass of the shaker for
/com  non-axial vibrations of the stinger and second moment of inertia
/com  of the mass of the coil of the shaker for the axial vibration
M2=0.02

J2=0.001

/com K1 = Suspension stiffness of the structure

/com K2 = Suspension stiffness of the shaker

/com KT2 = Rotational suspension stiffness of the shaker
K1=850

K2=1400
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KT2=0.469

/com L = lenght of the stinger

/com A = Cross sectional area of the stinger
/com | = Second moment of inertia of the stinger
/com h = height of the beam

L=1

A=3.1416E-6

[=7.854E-13

h=.002

KAN,2
KAY,2,50

KAY,3,0

/com EX = modolus of elasticity of the stinger
/com DENS = Mass density of the stinger
ET,1,3

R,1A,l,h

EX,1,210E9

DENS,1,7800

N,1,0,0,0

N,101,L,0,0

FILL
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N,102,L,0.3,0
N,103,0,0.3,0

N,104,0,0,0

REAL,1
E 1,2

EGEN,100,1,1

ET,5,21
KEYOPT,5,3,3
KEYOPT,5,2,0
R,8,M1,J1
TYPE,S
REAL,8

E,101

ET,6,21
KEYOPT,6,3,3
R,9M2,32
TYPE,6
REAL,9

E1l

ET,2,14
KEYOPT,2,3,2

R,2,K1
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TYPE,2
REAL,2

E,101,102

R,3,K2
TYPE,2
REAL,3

E,1,103

ET,7,14
KEYOPT,7,2,6
R,4,KT1
TYPE,7
REAL,4

E,1,104

F,101,MZ,1.25

D,103,ALL,0
D,102,ALL,0

D,104,ALL,0

TOTAL,200
ITER1,1,1

FINISH
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